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Chapter 1 

Introduction 



These notes have been written to complete a mini-course "Introduction to (generahzed) Gibbs 
measures" given at the universities UFMG ( Universidade Federal de Minas Gerais, Belo Hor- 
izonte) and UFRGS ( Universidade Federal do Rio Grande do Sul, Porto Alegre) during the 
first semester 2007. The main goal of the lectures was to describe Gibbs and generalized 
Gibbs measures on lattices at a rigorous mathematical level, as equilibrium states of systems 
of a huge number of particles in interaction. In particular, our main message is that although 
the historical approach based on potentials has been rather successful from a physical point 
of view, one has to insist on (almost sure) continuity properties of conditional probabilities to 
get a proper mathematical framework. 

Gibbs measures are "probably" the central object of Equilibrium statistical mechanics, 
a branch of probability theory that takes its origin from Boltzmann ([lOj, 1876) and Gibbs 
([51j. 1902), who introduced a statistical approach to thermodynamics that allows to deduce 
collective macroscopic behaviors from individual microscopic information. Starting from the 
observation that true physical systems with a very disordered microscopic structure, like gases, 
ferromagnets like irons etc., could present a more ordered, non- fluctuating, macroscopic behav- 
ior, they start to consider the microscopic components as random variables and macroscopic 
equilibrium states as probability measures that concentrate on the "most probable" states 
among the possible "configurations" of the microscopic system, in a sense consistent with the 
second laws of thermodynamics. Of course, they did not use these modern probabilistic terms 
at that time, and it is one of the tasks of mathematical statistical mechanics to translate their 
intuitions in a more modern and rigorous formalism. 

These ideas have been first introduced and justified by Boltzmann in his introduction of 
statistical entropy [TT] and have been thereafter used by Gibbs as a postulate to introduce his 
microcanonical, canonical and grand canonical ensembles [51], providing three different ways 
of describing equilibrium states, which would nowadays be called "probability measures", at 
the macroscopic level. The main goal of modern mathematical statistical mechanics is thus 
to describe rigorously these concepts in the standard framework of probability and measure 
theory that has been developed during the century following Boltzmann's ideas, pursuing 
two main goals: To describe these ensembles as proper probability measures allowing the 
modelization of phase transitions phenomena, and to interpret them as equilibrium states in a 
probabilistic sense that would incorporate ideas taken from the second law of thermodynamics. 

For this purpose of describing phase transitions phenomena, roughly seen as the possibility 
to get different macroscopic structures for the same microscopic interaction (e.g. gas versus 
liquid, positive or negative magnetization of iron, etc.), we shall see that an infinite-volume 
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formalism, which can be loosely justified by the large number of microscopic components 
in any macroscopic part of interacting systems, is required. For the sake of simplicity, and 
because it already incorporates many of the most interesting features of the theory, we shall 
focus on systems where the whole space is modelled by a discrete infinite lattice (mainly Z'^), 
with, attached at each site, a microscopic element modelled by a finite value (e.g. +1 for a 
positive "microscopic magnetization" in iron). 

To describe equilibrium states and to model phase transitions phenomena in such a frame- 
work, we are led to construct probability measures on an infinite product probability space 
in an alternative way to the standard Kolmogorov's construction. This alternative "DLR" 
construction, rigorously introduced in the late sixties by Dobrushin [27] and Lanford/Ruelle 
pOj . makes use of systems of compatible conditional probabilities with respect to the outside 
of finite subsets, when the outside is fixed in a boundary condition, to reach thereafter infinite- 
volume quantities. This DLR approach can also be seen as an extension of the Markov chains 
formalism and to describe Gibbs measures we shall focus on an extension of the Markov prop- 
erty, quasilocality, closely related to topological properties of conditional probability measures. 

As we shall see, this approach allows to model phase transitions and the related critical 
phenomena. In that case, a qualitative change of the macroscopic system at a "critical point" 
is physically observed, together with a very chaotic critical behavior. This criticality is phys- 
ically interpreted as a highly correlated system without any "proper scale", namely where a 
physical quantity called the correlation length should diverge, and such a system should be 
thus reasonably scaling-invariant. These considerations have led to the use of the so-called 
Renormalization group (RG) transformations, which appeared to be a very powerful tool in 
the theoretical physics of critical phenomena [171 [50] . It also gave rise to ill- understood phe- 
nomena, the RG pathologies, detected in the early seventies by Griffiths/Pearce |55j and Israel 
[62] . and interpreted a few decades later by van Enter et al. [36j as the manifestation of the 
occurrence of non-Gibbsianness. This last observation was the starting point of the Dobrushin 
program of restoration of Gibbsianness, launched by Dobrushin in 1995 in a talk in Renkum 
[30j and consisting in two main goals: Firstly, to provide alternative (weaker) definitions of 
Gibbs measures that would be stable under the natural scaling transformations of the RG, 
and secondly to restore the thermodynamics properties for these new notions in order to still 
be able to interpret them as equilibrium states. This gave rise to generalized Gibbs measures. 

These notes are organized as follows: We introduce in Chapter 2 the necessary mathemat- 
ical background, focusing on topological and measurable properties of functions and measures 
on an infinite product probability space; we also recall there important properties of condi- 
tional expectations and introduce regular versions of conditional probabilities to describe the 
DLR construction of measures on infinite probability product spaces, mainly following [43^152]. 
We describe then the general structure of the set of DLR measures in the realm of convexity 
theory and mention a few general consequences and examples at the end of the same chapter. 
We introduce Gibbs measures in the context of quasilocality and describe the main features 
of the set of Gibbs measures for a given interacting system in Chapter 3. The interpretation 
of Gibbs and quasilocal measures as equilibrium states is rigorously established in a general 
set-up in Chapter 4, and we describe renormalization group pathologies and generalized Gibbs 
measures in Chapter 5. 



Chapter 2 

Topology and measures on product 
spaces 



2.1 Configuration space: set-up and notations 
2.1.1 Lattices 

For the sake of simplicity, which could also be loosely justified by the very discrete nature of 
physics, the physical space will be modelled by a lattice S, which in our examples will mostly 
be the d-dimensional regular lattice Z'^. It is endowed with a canonical distance d and its 
elements, called sites, will be designed by Latin letters i,j,x,y, etc. A pair of sites {i,j} such 
that d{i,j) = 1 will be called nearest neighbor (n.n.) and denoted by (ij). Finite subsets 
of the lattice S will play an important role for us and will be generically denoted by capital 
Greek letters A, A', A, etc. We denote the set of these finite subsets of S by 



where |A| denotes the cardinality of A and CC means inclusion of a finite set in a bigger set. 
This notation | • | will be used for many different purposes without giving its exact meaning 
when it is obvious. It will be moreover mostly sufficient to work with increasing sequences 
(A„)„gN of cubes, defined e.g. when the lattice is Z'^ by A^ = [— n, n]'^ n S for all n G N. 

2.1.2 Single-spin state spaces 

To each (microscopic) site i of the lattice we attach the same finiteS measurable space 
{E,£,pq), of cardinality e := \E\. The a priori measure po will then be chosen to be the 
normalized uniform counting measure on the cr-algebra £ = V{E), formally defined in terms 
of Dirac measures hy 5q = \ J2qeE ^q- 

In our guiding example, the Ising model of ferromagnetism [70\ llOOj . this set is -E = 
{— 1,+!}, but other models might be considered. At each site i of the lattice will be thus 
attached a random variable G E, called spin to keep in mind this seminal Ising model. 



^This theory also holds, modulo a few adaptations, for more general measurable spaces, compact [52J or 
even non-compact [261 184] , but the simpler finite case already gets the main features of the theory. 
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This finite measurable space E will be called the single-spin state space and will be endowed 
with the discrete topology, for which the singleton sets are open, so that the open sets are all 
the subsets of E. 

2.1.3 Configuration space 

The microscopic states are then represented by the collections of random variables a = {(Ti)i^Si 
living in the infinite product space {^,T,p) = {E'^ ,8®^ ,p^^) called the configuration space. 
(Infinite- volume) configurations will be denoted by Greek letters o", a;, etc. 

For any A S 5, the finite product space JIa = E^ comes with a finite collection of the 
random variables CTi for the sites z € A and for any o" G fi, one denotes by cta = (<7i)iGA this 
configuration at finite volume A. We also define concatenated configurations at infinite- volume 
by prescribing values on partitions of S, writing e.g. (T\uo\c for the configuration which agrees 
with a configuration o" in A and with another configuration lo outside A. 

2.2 Measurable properties of the configuration space 

The product a-algebra T = S'^^ is the smallest tr-algebra generated by the set of cylinders 
Co-^ = jo; € : to A = (^a}, when a a runs over 17 a and A runs over S. We also write 
C = {iCa^),crA e r2A,A € S] and Ca = {{Ca^),crA G Oa,A CC A} for the family of 
cylinders restricted to any sub-lattice A C S, not necessarily finite. Alternatively, one defines 
for all sites i of the lattice, the canonical projection Ilj : Q — > E defined for all w G by 
TTi{Lo) = LOi, and denotes by IIa the canonical projection from 0, to for all A € 5, defined 
for w G by = := (uji)i^\. Then, using the following rewriting of the cylinders, 

C^^=Ul\{aA}), 

one gets that is also the smallest cr-algebra that makes the projections measurable. 

The macroscopic states will be represented by random fields, i.e. probability measures 
on (O,^), whose set will be denoted by M.f{^,T), or more briefiy A4f{^). The simplest 
one is the a priori product measure p = p^^ defined as the product of po on the cylinders 
and extended to the whole lattice by virtue of the Kolmogorov's extension theorem [71 132] , 
recalled later in this chapter. This particular random field models the equilibrium state of a 
non-interacting particle system, for which the spins are independent random variables. 

In order to mathematically describe microscopic and macroscopic behaviors, one would like 
to distinguish local and non-local events. The local ones are the elements of a sub-fi-algebra 
Ta for a finite A G 5, where J^a is the u-algebra generated by the finite cylinders Ca defined 
above. A function / : to — > M is said to be J^A-measurable if and only if (iff) "it depends 
only on the spins in A": 

/ G .Fa ^ {ujA = <TA^ f{uj) = f{a)). 

Definition 2.1 (Local functions) A function f : 0, — > M is said to be local if it is J-a- 
measurahle for some A G 5. The set of local functions will he denoted by J-\oc- 

We shall use the same notation f ^ T for the measurability w.r.t a <T-algebra or / G W 
for the membership in a space Ji of functions. 
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Another important sub-cr-algebra concerns macroscopic non-local events. It is the so-called 
a- algebra at infinity, of tail or asymptotic events cr-algebra, formally defined by 



Aes 



Equivalently, it is the a-algebra (countably) generated by the tail cylinders Coo '■= f^Aes C\c. 
It consists of events that do not depend on what happens in microscopic subsets of the systems; 
they are typically defined by some limiting procedure. In our description of the Ising model, 
we shall encounter for example the tail events defined, for m G [— 1, -|-1], by 



Bm = : lim ^ u;, = m\ (2.2) 



ieAn 



that will help to distinguish the physical phases of the system. Similarly, a function g is 
.T^oo-measurable {g € J-qo) if it does not depend on the spins in any finite region, i.e. iff 

3A G 5 s.t. (TAc = uj[^c =^ g{u}) = g((T). 



These functions will be important later on to characterize macroscopic quantities and to 
detect non-Gibbsianness. They are also generally defined by some limiting procedure, the 
following function being e.g. tail-measurable: 




if the limit exists, 
otherwise. 



Similar tail u-algebras are also used in ergodic theory or in classical probability theory, 
in some 0-1-laws for example [3l I115j . To connect with these fields, we introduce here the 
basic notion of translation-invariance, which will also be important for physical interpretations 
later on. For simplicity, we introduce this notion on the lattice S = 'L'^ but it could be easily 
extended to other lattices. 

First one defines translations on the lattice as a family of invertible transformations 
{tx)x£'l<i indexed by the sites of the lattice and defined for all x G Z'^ by 

Tx ■■ y I — > Txy = y + x eZ'^ 

where additions and subtractions on the lattice are standard. They induce translations on 0: 
The translate by x of G ^2 is the configuration t^uj defined for all i G S by 

It also extends naturally to measurable sets (our "events"), measurable functions and mea- 
sures. In particular, the set of translation-invariant probability measures on (0, JF) is de- 
noted by Aif ijjv(^) ^^'^ the cr-algebra generated by the translation-invariant functions is the 
translation-invariant a- algebra denoted by J-'inv- 



Let us briefly leave the field of lattices to consider another framework that links our 
approach to exchangeability in the context of the so-called mean-field models. When 5 = N, 
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one can define first a group In of permutations at finite volume n, that are bijections tliat leave 
invariant tlie sites i > n, and define its union / = U„gp^ In to be the group of all permutations 
of finitely many coordinates. The /-invariant probability measures on {0,,J^) form the set Mj 
of exchangeable probability measures. For n € N, the cj-algebra of the events invariant under 
permutations of order n is defined to be 

In = {A £ In : TT~^A = A, W £ In} 

and its intersection is the cr-algebra of symmetric or permutation-invariant events 

1= f]ln. (2.3) 

nGN 

2.3 Topological properties of the configuration space 
2.3.1 Product topology 

As we shall see, the notion of Gibbs measures is based on the interplay between topology 
and measure theory, and to relate these notions we need to introduce a topology T whose 
Borel cT-algebra coincides with J^. The latter and T are then said to be compatible in the 
sense that both open sets and continuous functions are then measurable. Thus, the topology 
T is endowed with the same generators as those of J- and T is the smallest topology on Q 
containing the cylinders or making the projections continuous. To do so, we consider on the 
whole configuration space (O, !F) the product topology T = 7^®^ of the discrete topology Tq 
on E. Endowed with these topological and measurable structures, our configuration space has 
the following nice properties: 

Theorem 2.4 14 3[ \52^ The topological space (O, T) is compact, its Borel a-algebra coincides 
with the product a-algebra T , and the measurable space {^jJ-) is a Polish space, i.e. metriz- 
able, separable and complete. 

Compactness follows from Tychonov's theorem and will be helpful in proving existence 
results and to simplify the topological characterizations of Gibbs measures. 
As a metric, one can choose 6 : x 0, — > M''", defined for all o" € O by 

where n: S — > N is any bijection assumed to be fixed and known. With this topology, open 
sets are finite unions of cylinders and in particular, a typical neighborhood of € is given 
by a cylinder for A G 5 denoted in this context by 

A/'a(u;) = {cj G J7 : (Ta = "^A, f A'; arbitrary }. 

Similarly, when S = U^, a basis of neighborhoods of a configuration l<j G is given by the 
family of cylinders (7VA„(w))nGN, for a sequence of cubes (A„)„gN- Thus, two configurations 
are closed in this topology if they coincide over large finite regions, and the larger the region is, 
the closer they arcl. Moreover, the set of asymptotic events is dense for this topology, because 
they are insensitive to changes in finite regions. In particular, the set of configurations that 
are asymptotically constant is a countable and dense subset, leading thus to separability of 
the product topology by compatibility of the latter with the measurable structure. 

^This topological framework is standard also when one consider Cantor sets and dyadic expansions of reals. 
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2.3.2 Quasilocality for functions 

This nice topological setting allows us to provide different equivalent characterizations of 
microscopic quantities. Firstly, we find it natural to say that a microscopic function / on 
Q is arbitrarily "close" to functions which depend on finitely many coordinates, i.e. local 
functions. This leads to the important concept of a quasilocal function: 



Definition 2.5 A function f : — > M is said to be quasilocal if it can be uniformly approx- 
imated by local functions, i.e. if for each e > 0, there exists f^ € J-ioc s.t. 



sup 



f{^)-fM 



< e. 



We denote by J^q\oc the set of quasilocal functions. It is the uniform closure of T\oc in the 
sup-norm, and by compactness is automatically bounded. Moreover, due to the Polish and 
compact structure of 0,, one can use sequences and makes coincide continuity and uniform 
continuity. Quasilocal functions are continuous while asymptotic tail-measurable functions 
are discontinuous. Then, using the metric 6 or the basis of neighborhoods described above, it 
is a simple exercise to prove that quasilocal functions are in fact the (uniformly) continuous 
functions on O, and we use it in the next lemma to give alternative definitions of quasilocality. 
When we do not use sequences, we shall deal with the following convergence: 



Definition 2.6 (Convergence along a net directed by inclusion) 



limF(A) = a 

AT5 



means convergence of a set-function F : S 



along a set S directed by inclusion: 



\/e> 0,3 K, e S s.t. S3 Ad K, 



F{A) - a 



< e. 



Lemma 2.7 14 3[ \52^ A function f : 0, — > R is quasilocal iff one of the following holds: 
• Continuity: It is continuous at every uj £ 0,, i.e. Vcj € il, Ve > 0, 3n € N s.t. 



sup 



fi^A^CTAc ) - f{uj) 



< e. 



Uniform limit of local functions: There exists {fn)nm s.t. Vn € N, /„ G J^a„ and 



lim sup 



/n(t^) - /(w) 



Sequential uniform continuity: For each e > 0, there exists n G N s.t. 



sup 



/(wA„CTAc) - f{uj] 



< e. 



Uniform continuity: 



lim sup f{uj) - f{a) 
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An important consequence of this lemma is that a non-constant tail-measurable function 
can never be quasilocal. For example, let us consider the event 

The indicator function / of this event is tail-measurable, non-constant and non-quasilocal. 
Take for example Q = {0, 1}^. The configuration w = 0, null everywhere, belongs to Bq and 
/(O) = 1. Let TV be a neighborhood of this null configuration, and choose it to be 7Va„(0) 
for some n > 0. There exists then a G A/'a„(0) such that a\c = l^c, where 1 G is the 
configuration which value is 1 everywhere. For this configuration, lim„^oo jx~\ EieAn ~ ^ 
and thus /(cr) = 0: This proves that / is discontinuous and thus non-quasilocal. Non- 
quasilocal functions will be important to detect non-Gibbsian measures in Chapter 5. 



2.3.3 Weak convergence of probability measures 

We have already introduced the space M^{^,J-) of probability measures on {^,J-) that 
represents the macroscopic possible states of our systems. Before introducing different ways 
of constructing such measures on our infinite product spaces, we need a proper notion for 
the convergence of probability measures, i.e. to introduce a topology on For any 

H € and / G .^^^loc; we write fi[f] = J fdfi for the expectation of / under fi. A 

strong way to do so is to consider the topology inherited from the so-called total-variation 
norm but this is indeed too strong a notion of convergence due to our willing of describing 
"non-chaotic" equilibrium states: Physically, this convergence means that expected values 
converges, uniformly for all bounded or continuous observables, i.e. microscopic in our point 
of view, and this occurs rarely in physical situations. We shall thus require a topology whose 
convergence mainly concerns non-uniform expectations of microscopic variables. This is the 
famous weak convergence of probability measures, which is indeed weaker than most ways of 
convergence, see [71 l42l [TTS] . 

Definition 2.8 (Weak convergence) A sequence (^n)neN in M'^^Q) is said to converge 
weakly to /.i G if expectations of continuous functions converge: 

l^n ^ fJ- lim l^n[f] = /^[/], V/GJ^qloc- 

n— +00 

This convergence gives no information on the convergence of the expectations of dis- 
continuous (macroscopic, asymptotic) quantities. This will be important for our purpose of 
modelling phase transitions phenomena by working at finite but larger and larger sets through 
some infinite- volume limit. By definition, the set of local functions is dense in .Fqioc, so it is 
enough to test this convergence on Tioc or on cylinders. 

To describe, at the end of the chapter, the general convex structure of the set of Gibbs 
measures in case of phase transitions, we shall also need to deal with probability measures on 
spaces of probability measures, and we first endow such spaces with a canonical measurable 
structure. For any subset of probability measures A4 C J-), the natural way to do so is 

to evaluate any fi £ Ad via the numbers {/i(A), A G J-}. One introduces then the evaluation 
maps on A4 defined for all A G by 



CA-.M — > [0, l];/ii — >eA{n) = fJ-{A). 



(2.9) 
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The evaluation a-algehra e{M) is then the smaUest cr-algebra on M that makes measurable 
these evaluation maps, or equivalently the cr-algebra generated by the sets {ca < c} for all 
A ^ J^, 0<c<l. For any bounded measurable function f the map 

ef.M — ^ [0, 1]; /i I — > efip) := 

is then e(A^)-measurable. 

2.4 Probability theory on infinite product spaces 
2.4.1 Kolmogorov's consistency 

The standard way to construct probability measures on an infinite product measurable space 
is to start from a consistent system of finite dimensional marginals, following a terminology 
of Kolmogorov [7] : 

Definition 2.10 A family {fJ,A)AeS of probability measures on (I^a, ^a) is said to be consistent 
in the sense of Kolmogorov iff for all A C A' € 5, 

ma(A) = /UA'((nf g 

where is the natural projection from CIa' to J^a- 

Given a consistent family of conditional probabilities, it is possible to extend it, in our 
mild framework, to the whole configuration space: 

Theorem 2.11 (Kolmogorov's extension theorem) Let (^A)Ae<s be a consistent family 
of marginal distributions on a Polish infinite- product probability space {0,,J^). Then there 
exists a unique probability measure fi E M-f{Q) s.t. for all A £ S, 

V^G^A, fi{ni\A)) = fi{A) 

where 11^^(74) is the pre-image of A by the projection from ft to ft a, defined by 

Ul\A) = {aGn: UA{a) = cta € a}. 

The main example of application of this theorem is the construction of the a priori product 
measure p on {E,£). Consider the counting measure po € .Mf{Q) on the single-site state 
space and the finite product measure pA = Pq^ on any of the finite product probability spaces 
{Qa,J^a), defined for all A € 5 on the cylinders by 

/Oa(o-a) = nPo(i)> "^o'A G ^^A 

ieA 

and extended on J^a by requiring, for all A € J^a, 

Pa(^) = Pa(o-a)- 



12 



CHAPTER 2. TOPOLOGY AND MEASURES ON PRODUCT SPACES 



The system (pA)Ag<s is trivially a consistent family of marginals, and our configuration 
space being a Polish space, it extends into a unique probability measure p = Pq^ ■ 

Hence, we know how to build elements p, of the (convex) set A4f{Q,J-), which are inter- 
preted as a macroscopical description of the physical phases of the systems in our settings. 
The problem now is that we also want to model phase transitions, i.e. to get different infinite- 
volume measures corresponding to the same finite volume description, and to do so we have to 
proceed differently and work with systems of conditional probabilities consistent in a different 
sense than that of Kolmogorov, based on successive conditionings w.r.t. decreasing sub-a- 
algebras. Let us first recall a few important properties of conditional probabilities on infinite 
product probability Polish spaces. 

2.4.2 Regular versions of conditional probabilities 

Definition 2.12 [Conditional expectation] Let be a measurable space, p € T), 

Q a sub-cT- algebra of T and f £ J-, p-integrable. A conditional expectation of f given Q, w.r.t. 
p, is a function | ^] : 17 — M;a; i — > lE/i[/ | Q]{'^) such that 

1. E^[/ I ^] is Q -measurable. 

2. For any g (z Q bounded, J g ■ E^[/ \ Q] dp = J g ■ fdp 

and in particular J K^[f \ Q] dp = J fdp. 

The existence of such functions is insured by the Radon-Nikodym theorem [98\ I115j . Nev- 
ertheless, a ^-integral being involved in point 2. of the definition above, such a conditional 
expectation is not unique, but two different versions of it can only differ at most on a set of 
//-measure zero. Thus, Definition 12.121 does not define a unique function, but measure-zero 
modifications are however the only one possible: The conditional expectation E^[/ [ Q] is thus 
defined "/i-a.s." 

At this point, in the purpose of defining a probability via a prescribed system of conditional 
probabilities w.r.t. the outside of finite sets, one could get into troubles when trying without 
care to give a sense to conditional probabilities w.r.t. a sub-cr-algebra. In the same settings 
as the definition above, the good candidate for such an almost-surely defined conditional 
probability pg{- \ lo) would be defined to be, for all A £ J^, 

pg{A I w) := E^[l^ I Q]{uj), p-a.s.{uj). 

Indeed the following characterizing properties of a probability measure are (a.s.) true: 

• pg{fl I •) = 1, p-a.s. and pg{$ | •) = 0, p-a.s. 

• For allAeJ=', < pg{A \ ■) < 1, p-a.s. 

• For any countable collection (Ai)i^j of pairwise disjoints elements of 

pgiUiAi I • ) = '^IJ-gi^i 1 ■ )> A'-a.s. 
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and one also has that for all B G Q, fj,g[B \ ■] = 1_b(-), /U-a.s. 

The problem in this definition comes from the fact that the previous properties are only 
valid almost surely, and that the sets of measure zero that appear depend on the sets A and 
{Ai)i^i € considered; the later being uncountably many, we cannot say that we have defined 
these conditional probabilities //-almost everywher^. What is needed to say so is to get a 
unique set of //-measure zero, independent of the sets A, outside which the above properties are 
true. In such a case one says that there exists a regular version of the conditional probabilities 
of /I w.r.t. sub-cr-algebras of More precisely, this occurs when there exists a probability 
kernel (see next subsection) from (0,^) to itself such that 

/x-a.s., fig[f I •] = i2[f I g]{-)yf e :r bounded 

where the "/i-a.s." means that there exists a (mostly abstract) measurable set of full //-measure 
fi^ where the above characterizing properties of a probability measure hold for all u G O^, 
independently of the measurable set A T. In our framework, this is hopefully granted: 

Theorem 2.13 fUBj Any measure on a Polish probability space {^,J^) admits a regular con- 
ditional probability w.r.t. any sub-a-algebra oj T . 

We also mention here two direct consequences of Definition 12.121 which will be useful 
to characterize measures in terms of systems of regular conditional probabilities. Keeping 
the same settings, one has, //-almost surely, for any bounded ^-measurable function 5, any 
bounded measurable function / and any sub-cr-algebra Q' dQ^ 

ixg{g •/!•]= E^b • / I Q\{-) = g ■ E^[f \ G] = g ■ fig[f \ ■] 

and 

i^g'M' I ■]-]=M^,[f I G] I g']{-) = E^[f I g']{.) = i,g,[f I .]. (2.14) 

We recall now the useful concept of probability kernel to describe the alternative way of 
defining probability measures on infinite product probability spaces introduced in the late 
sixties by Dobrushin, Lanford and Ruelle to model phase transitions. 

Definition 2.15 A probability kernel from a probability space {0,,J^) to a probability space 
{Q',J^') is a map 'y{- \ ■) : x Q ^ [0, 1] such that 

• For all tj e rj, 7(- \ uj) is a probability measure on {fl',J^'). 

• For all A' € , "y{A' \ •) is -measurable. 

The simplest example is the map ^{A \ uj) = 1a{^) defined for any probability space 
any A G J^, any a; € il. It is a probability kernel from {^l,J-) into itself. More 
interesting examples concern regular versions of conditional probabilities, Markov transition 
kernels etc. We extend this notion in order to introduce the concept of specification and to 
prescribe conditional probabilities of a measure to try to define it. To do so, we state a few 
definitions. 



^To see how to construct counter-examples, consult e.g. |112| . 
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Definition 2.16 Let ^ be a probability kernel from (0,^) to {0,',J^'). For any function 
f S , we define jf^zJ-to be the function defined for all lo & Q by 

lf{^) = i l{dcr \ Lo). 

We also define for any G A4f J-) the measure fij G Ai^ {Q' , J-') by 

VA'G-F', /i7(^') = / 7{A' fiidto). 
Jn 

A little bit more has to be required for a kernel to represent a regular version of a con- 
ditional probability. In order to illustrate the "double-conditioning" stability (12.14p of condi- 
tional probabilities we also introduce the notion of product (or composition) of kernels. 

Definition 2.17 Let j be a kernel from {0,,J^) to and 'j' a kernel from {Vt\T') to 

{Q,",J^"). Then the product 77' is the kernel from to s.t. 

VA" G .F",Vl^ G J^, 77'(^"|w)= / -i'{A" \a)-i{da\uj). 

We are now ready to give the more formal 

Definition 2.18 (Regular version of conditional probability) Let {Q,J^,fi) be a prob- 
ability space and Q a sub-a-algebra of T . A regular (version of) conditional probability of fi 
given Q is a probability kernel fig{- \ •) from {0,,G) to {fl,J-) s.t. 

fi-a.s., fig[f I •] = E^[/ [ Q]{-), yf £ and fi - integrable 

Using the action of a kernel to a measure and the definition of the conditional expectation, 
it is also possible to characterize it in a more closed form, which will lead soon to a consistency 
condition different from the Kolmogorov one. 

Definition 2.19 (Regular conditional probability II) In the same settings as above, reg- 
ular conditional probability 0/ /i given G is a probability kernel ^g{- \ ■) from {Vt,J^) to itself 
s.t. for all f T -measurable and ^i-integrable, 

^- I'-gif I ■] G -measurable. 

2. fi-a.s., fJ-gig • f \ •] = g • fJ-gif \ •], for each bounded g G G 

3. The kernel leaves invariant the probability measure fi: fi^g = /i. 

This last definition, coupled to the fact that every measure on a Polish space has regular 
conditional probabilities, enables also to describe the double conditioning property in terms 
of kernels and will give rise to the concept of specification. 

Definition 2.20 (System of regular conditional probabilities) Let {^},J^,n) be a prob- 
ability space and {Ti)i(zj a family of sub-a- algebras of J- . A system of regular conditional 
probabilities of n given {J^i)i^i is a family of probability kernels (/ijrj^gj- on {^,J^) s.t. 
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1. For each i I, //jf- is a regular conditional probability of given Ti. 

2. If i,j G / are such that C !Fj, then ^jr.^jr^ = fj,-f.^ ^—a.s. 

In statistical mechanics we go in the opposite direction: Starting from a regular system 
of conditional probabilities, one wants to reconstruct probability measures, and so one aims 
at removing the "/i— a.s." of the last definition, as one wants to obtain the same conditional 
probabilities for different measures. 

2.4.3 DLR-consistency and specifications 

Around 1970, Dobrushin [27], Lanford/Ruelle [80] have introduced a new way to construct 
probability measures on infinite product probability spaces that does not immediately yield 
uniqueness in the case of a Polish space, leaving the door open to the modelling of phase 
transitions in mathematical statistical mechanics. The key-point of their approach is to replace 
a system of marginals consistent in the sense of Kolmogorov by a system of regular conditional 
probabilities with respect to the outside of any finite set, giving rise to finite volume versions 
of conditional probabilities with prescribed boundary condition(s). 

Let us consider now A' C A € 5 and the family of sub-cr-algebra's (.^Ac)Ag5, directed by 
inclusion in the sense that if A' C A G 5, one has 

JFac C T\'c and Q T\c = T^. 

A system of regular conditional probabilities of /x S w.r.t. the mentioned filtration 

exists, according to preceding section. To remove the "^-a.s" dependency and describe candi- 
dates to represent this system in the case of an equilibrium state, Preston [104] has introduced 
the concept of specification. 

Definition 2.21 (Specification) A specification is a family 7 = (7A)Ae5 of probability ker- 
nels from (0,, into itself such that 

1. For all A G .F, 7a(A|-) is T\c -measurable. 

2. (Properness) For all uj £ ^l, B £ T^^ , 7a(-B|w) = 1b(u;) 

3. (Consistency) 

A' cAeS =^ 7A7A' = 7A. (2.22) 

We recall that 7a7a' is the map on Q x defined by 

7A7A'(^|w) = / -fA'{A\uj') jAiduj'\uj). 
Jn 

Specifications are thus the appropriate objects to describe conditional probabilities; an 
important point is that they are defined everywhere on 17, for the convenient reason that we 
want to deal with objects defined everywhere (not /i-a.s.), and characterize /i afterwards. This 
will allow the description of different measures for a single specification, that is to model phase 
transitions in our settings. We also emphasize that for all cr, w G for all A G S,j\{a\uj) 
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depends only on a a and loac. For this reason, because only the components of to outside A 
(beyond the boundary) are involved, u; is often called boundary condition in statistical me- 
chanics, and we shall use this term frequently in the next sections. Moreover, Conditions 1. 
and 2. of the definition of a specification can be removed by requiring 7a to be kernels from 

(riAc,j^Ac) to (r^AjjFA). 

In fact, our main goal in this course is precisely to describe the set the measures satisfying 
the consistency relation when A becomes the whole lattice. 

Definition 2.23 (DLR measures) Let ^ be a specification on {Q,J^). The set of DLR 

measures for 7 is the set 

g{^) = |/x e Mi{n,J^) : VA e 5, fi[A \ Tac]{.) = ja{A \ ■), n-a.s., VA G (2.24) 
of the probability measures consistent with 7. Equivalently, 

^ G ^(7) ^ ;U7A = VA G S. (2.25) 
A DLR measure is thus a measure specified by some specification 7. 

This definition reminds one of the one of the Kolmogorov: Instead of dealing with the family 
of marginals of the measure, we deal with its system of conditional probabilities. It will be 
of importance when one models equilibrium states. Indeed, for such a DLR measure, the 
consistency relation implies that integrating out with respect to boundary conditions typical 
for the "equilibrium" DLR state outside a finite volume does not change the state in the 
finite volume. We shall be more precise about equilibrium properties in Chapter 4. On a 
Polish space, the Kolmogorov compatibility yields existence and uniqueness of the consistent 
measure, whereas the set ^(7) could have a very different structure, the latter being a very 
important fact for our purpose of modelling the phenomenon of phase transitions. Indeed, 
in contrast to what occurs in Kolmogorov's consistency theorem, here neither existence, nor 
uniqueness needs to occur. Before describing more precisely various sets of DLR-measures, 
we provide a few examples describing these different possible structures. 

2.4.4 Examples 

We begin by two examples that illustrate the negative side of this description, the possibility 
of non-existence of measures specified by a specification. This will help us to extract the 
topological properties required to build a satisfactory framework describing Gibbs measures 
as equilibrium states of interacting particle systems. Thereafter, we provide as an example of 
uniqueness followed by an example of non-uniqueness interpreted as the occurrence of a phase 
transition, the standard Ising model. 

1. One-dimensional random walk: 

This analysis goes back to Spitzer but our presentation is inspired by |106j . The single- 
spin state E = Z is not compact and this is the reason for the non-existence of a DLR 
measure. The lattice is the time, modelled hy S = Z. The symmetric n.n. random walk 
on Z, y = {Yn)nez, is then a random element of the configuration space 17 = and we 
denote by P its law on (fi,^), canonically built using Kolmogorov's extension theorem. 
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Let us try to define a specification 7 with which P would be consistent. Using the 
Markov property for random walks, the candidate is given by the kernel 7a„ , defined for 
all cube A„ = [— n, n] n Z and for all a, lo € Q hy 

7A„(cr I uj) = F[Ya„ = cJA,jy_„„i = a;_„_i,y„+i = w„+i] 

where the event in the conditioning is the cylinder Cuj^„_j^ ^_^_J^y, of positive P-measure. 
It is straightforward to extend it to any finite A G 5 to get a family of proper kernels 
7 = (7A)Ae5 that is indeed a specification. Let us assume that there exists /i G ^(7)- 
Then we claim that // cannot be a probability measure because for all k £ Z, and for 
all e > 0, /i[lo = k] < e. The reason for this is that for all n G N, Sn = Yn — Yq follows 
a binomial law. It is unbounded and thus for all e > and /c G Z and n big enough, 
P[S„ = k] < e. Using then the consistency relation //7a„ = /U to evaluate ^[Yq = k] in 
terms of conditional probabilities of P, one gets this result of "escape of mass to infinity" : 
If M G ^(7), then for all G Z, and for all e > 0, /^[Iq = k] < e, and thus cannot be a 
probability measure: ^(7) = 0. 

2. Totally random single-particle: 



This example has been provided by Georgii [52]. Consider the case of a lattice gas, 
i.e. E = {0, 1}, S = Z*^, denote the configuration null everywhere and for any a G 5 
consider the configuration cr" characterizing a single particle localized at the site a 
defined for all f G 5" by (cr")j = 1 iff z = a (and zero otherwise). To model a single 
particle evolving totally at random in a lattice gas in this DLR framework, introduce 
the following kernel, proper by construction: 



VA G 5, Vtj G n,\/A G J^,7a(^ I uj) 



JX] EaeA if ^^A- = Oac 

1a(0ai^a=) otherwise. 



Firstly, one can check that the corresponding 7 is a specification and that for any 
sequence {nn)n of probability measures on Ta„)i the sequence of probability mea- 

sures {fJ,n^An)n converges weakly towards the Dirac measure 5o on the null configuration, 
and thus that the latter is a good candidate to be in ^(7). Nevertheless this is not the 
case and assuming that a measure /i belongs to ^(7), one proves [52] that 



uji = 







using different techniques and expressions of the kernel in the three cases. Thus 
0, /X cannot be a probability measure and Q{'^) is empty. 



In this case, the non-existence comes from the dependence of the kernel on what hap- 
pens at infinity and this cannot be controlled by the topology of weak convergenc^. A 
good framework to insure existence would be specifications where this influence is shield 
out, and the main one corresponds to specifications that transform local functions into 



*We shall see later that under extra topological properties, one can construct measures in 5(7) by considering 
weak limits of sequences of finite volume probability measures, with random boundary conditions. 
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quasilocal ones, giving rise to the concept of quasilocal specification, central in this the- 
ory of infinite- volume Gibbs measures as we shall see next chapter. 



3. An example of existence and uniqueness: reversible Markov chain: 

Let us describe reversible Markov chains by means of specifications, following again a 
presentation of [106j . Consider Q = {— 1,-|-1}^ and a stochastic matrix 

M=( P 

\l-q q 

with p > 0, q > such that M is irreducible and aperiodic. Thu^ 

3 unique u € Mf{E, 8) such that vM = u. 

This defines an ergodic Markov chain X = {Xn)n&i ^ind by Kolmogorov's existence 
theorem, one defines a unique Pj^ G s.t. for all a; G il. A;, ii, • • • , G N, 

The ergodicity of the chain is crucial to get uniqueness, using that [21] 

Vi, fc G ^, lim M"(i, k) = v{k) > 0. 

The considered Markov chain X = {Xn)nen is then the sequence of random variables 
on ({— 1, -|-1}^, £'®^) of law ¥y. Writing its elementary cylinders in the form C^^, = 
{Xk{uj) = i} = {uJk = i}, one has for all w G il. A; G N, ii, • ■ ■ , Zfc G N, 

and gets the Markov property: VA; G N, Vi, j, ek-i-, • • • , eo ^ E 

[^ik+i = A^ik = i> • • • , t^o = eo] = Pi/ = A^ik = j] = ^(i' 

This Markov chain is also reversible: \/k G N, V/ G N, Vz, j, e^+i, • ■ ■ , ek+i G E 
^u[uJit^ = A^ik+i = jV • • 1 ^k+i = e-k+i] 

"^A^ik =h'^ik+i =j,--- ,ujk+i = ek+i] _ u{i)M{i,j) ■ ■ ■ M{ek+i-i,ek+i) 



^u[uJik+i = j,-- - , ^k+i = efc+i] v{i)M{j, efc+2) • • • M(efc+i_i, e^+z) 

= «^:=iV(i.i) 

where N is then the stochastic matrix associated to the reverse chain. Hence, we can 
extend this chain on = {— 1,-|-1}^, and in particular it is still ergodic. Introduce now 
a specification 7 such that ¥y G ^(7), and compute 

m r I 1 Pi/^-oo -n-l]0"A„W[„,+l,+oo[] Pj.[u;_n-lCrA„a;„+i] 
ru[(TK„\aKc^ = WAcJ = — — — = — — — 

^p[^]-oo-n-l]^[n+l,+oo[\ 'rjj[LJ^n~l'^n+l\ 
_ l'{iO-n-l)M{u:^n-l,(y-n) ' ■ ■ M{an,i^n+l) 

z/(a;_„_i)M2'^+2(a;_„_i,a;„+i) 

_ M{uJ^n-l,Cr^n) ■ ■ ■ M{an,UJn+l) 



''Our standard reference for Markov Chains is 1211. 
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Denote then the (finite) normahzation by Za„(u;) = M^"''^^(w_„_i, w^+i) and define a 
proper kernel 7a„ on for all a e Q, by 

JA„{a\uj) = ^ ■ M{uj-n-l,cr~n) ■ ■ ■ M{an,UJn+l)- 

One can check that we define thus a specification 7 such that Pj/ € G{'j)- In contrast 
to the modelization of the simple random walk described above, the existence of a DLR 
measure is then insured. Let us consider now any /i € ^(7) and prove that = Pjy. To 
do so, it is enough to prove for all € fi, /c, ii, • • • , G N, 

Let us prove it for the one-dimensional cylinder using Markov property and consistency: 
We have for all x G E and n G N 

H[ao = x] = ^ IJ,[ao = x\a^n~l = i, CTn+l = j] ■ fJ-W-n-l = i, o^n+i = j] 
^ M'^+i(i,x) •M"+i(x,j) . . 

i€E,j€E ^ 

Taking now the limit when n goes to infinity, one gets 

^[f CrO =X\ = y — ^l[(T-n-l = CTn+l = J 

Z/ 1 

i£E,j£E ' 

= u{x) ^ i_i[a_n^i = i,an+i = j] 

ieE,j&E 

= i^{x) = Fi^[ao = x]. 

We obtain the equality of these measures on the other cylinders in the same way. Thus 
a (7) is the singletorlEl {P^}. 



4. An example of phase transition: Ferromagnetic 2d-Ising model: 

It is the archetype of original Gibbs specification and we present it briefly at dimension 
d = 2, temperature T = ^ > and no external field, as originally introduced by Lenz to 
model ferromagnetisnn0. To do so, one considers microscopic magnets G = {—1, +1} 
at each site i G Z^, and to express the fact that two neighbors have a tendency to align, 
the following nearest neighbor potential. It is a family ^ = ($a)ag5 of J^^i-measurable 
functions defined for all a; G by 

{-JuJiOJj if A= {ij) 
otherwise. 



^Remark that the terms involving the measure u cancel out in the specification. Nevertheless, its invariant 
character is encoded in the conditioning yielding a DLR measure that depends on ly. 

'^Ising analyzed this model in one dimension in its thesis supervised by Lenz in 1922 [70]. His only higher 
dimensional contribution was the wrong interpretation that just as in d = 1, in higher dimension there is no 
phase transition. 
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The corresponding Hamiltonian at finite volume A E 5, temperature /? ^ > 0, coupling 
J > and boundary condition w £ is the well-definec^ function on 17 x (7 defined by 

iff*(<T \uj) = ^ ^>a(<tawaO- 

The Gibbs specification at inverse temperature /3 > is the family of probability kernels 
7^* = (7A*)Ae5 given for all A G 5, cr, w G by 



7a I ^) 



where the partition function {oj) is a standard normalization depending on the 
boundary condition u). It is indeed a specification due to the expression of the Hamil- 
tonian in terms of a sum over local potential terms (see [52] or next section). Intensive 
studies have established the following: 

Theorem 2.26 (Phase transition at low T) There exists Pc > s.t. 

• There exists a unique measure consistent with 7^^* at high temperatures P < Pc- 

• At low temperatures [3 > f3c, the set ^(7^*) is the Choquet simplex [a*^,/^^] whose 
extremal elements are mutually singular and can be selected by the weak limits 

with the magnetizations satisfying 

l^p Wo] = -/"^ Wo] = Mo > 

The existence of the weak limits is usually proved here using correlation or related 
(GKS, FKG,etc.) inequalities valid for some ferromagnetic systems. The existence of a 



critical temperature has been qualitatively established by Peierls in 1936 [1001 151] . using 
a geometrical computation based on the energy of contours, that are circuits in the dual 
of the lattice associated to a configuration and whose lengths are related to its energy. 
His analysis gave rise to the powerful Pirogov-Sinai theory of phase transitions for more 
general models |103t I36j. The exact value of /3c is due to Kramers and Wannier in 1941 
[69], while Yang got the magnetization in 1951 |118j . both using algebraic tool^. The 
full convex picture, restricted to translation-invariant measures, has been independently 
proved by Aizenmann [Ij and Higuchi |57j , both inspired by considerations on percolation 
raised by Russo |108j , described in [53] . This picture has been recently extended to higher 
dimension by Bodineau The fact that ^(7^*) is the Choquet simplex [(jl'^, ji^] means 

that any measure ^ G ^(7^*) is uniquely determined by a convex combination of the 
extreme phases i.e. that there exists a unique a G [0, 1] s.t. // = + (1 — a)iji^. 
The situation is more complex in higher dimension or on other lattices, as we shall see. 



*It is a finite sum here but this is not the case in general. One has usually to check summability conditions 
on the potential to define Gibbs measures, as we shall see next section. 

®The magnetization has been conjectured but unpublished by Onsager in 1949. He also rigorously derived 
the free energy in in 1944 [99] , 
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2.5 Convexity theory of DLR- measures 



Before introducing Gibbs measures properly speaking within the nice topological framework 
of quasilocahty, we first study the general structure of the set of probability measures 
consistent with a specification 7 on a general Polish probability space {Q,J-), product of0 a 
finite single-site state space {E, £). In this case, the family C of cylinders has the nice following 
property of being a countable core, following a terminology of [52] : 



Definition 2.27 (Countable core) A countable family C <Z J- is said to be a countable core 
if it has the following properties: 

1. C generates T and is stable under finite intersection^^. 

2. If {iJLn)n&i is a scqucncc of M.i{Q) such that lim„_>oo /^n(C) exists for any cylinder 
C ^ C, then there exists a unique fi G Al^(O) that coincides with this limit on C: 

VC G C, ^x{C) = lim ^in{C). (2.28) 



The proof that the family of cylinders is indeed a core relies on Caratheodory's extension 
theorem [52l I115j . The main purpose of this section is to use this property to provide a 
general description of ^(7) when it is not an empty setl^. 



2.5.1 Choquet simplex of DLR-measures 

Theorem 2.29 Assume that G{'~f) 7^ 0- Then ^(7) is a convex subset of M.\{Q,J-) whose 
extreme boundary is denoted ex^(7), and satisfies the following properties: 

1. The extreme elements of are the probability measures fi G G{'y) that are trivial on 
the tail a-field J-qo- 

exGi-f) = {/i G g(7) : fi{B) = or 1, V5 G .Foo}. (2.30) 

Moreover, distinct extreme elements ^ ex^(7) are mutually singular: 3B G J-'oo, 
n{B) = 1 and i^{B) = 0, and more generally, each fi G ^(7) is uniquely determined 
within ^(7) by its restriction to J^^o- 

2. ^(7) is a Choquet simplex.- Any ^ G Q{"l) can be written in a unique way as 



IJ- = I V ■ a^{dv) (2.31) 

J ex5(7) 



where G Mi(exQ{j),e{exG{^))j is defined for all M G e(ex^(7)) by 

af,{M) = G 17 : 3i/ G M, lim7A„(C|u;) = v{C) for any cylinder C]\ . (2.32) 



n 



^^\n a more general set-up, {E, T) has to be a standard Borel space, see 
^^This property corresponds to a 7r-system, see next section. 
^^Conditions insuring existence are described in Chapter 3. 
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In particular, when M is a singleton {v} G e(exC/(7)), (j2.32p reads 

ai^iM) =l^\{ujen: lim7A„(-|a;) = iy{-)}] . (2.33) 

L n ' \ 

The convexity of ^(7) is trivial and 1. will be a direct consequence of the following lemma, 
also crucial for 2. We recall that [i G ^(7) is extreme iff 

[i = av + {\ — a)v with qG]0, 1[ and i^, i^G^(7) v = v = [i. 

Lemma 2.34 Assume that /i G ^(7) is such that 

^ = av + a)v, with a g]0, 1[, u,v ^ Ml{Vl). 
Then v « fi, v « ^ and 

V G Q{i) ^ f:^ eToo- (2.35) 

Proof: Let /x, i^, and a as above. The absolute continuity of v w.r.t. // comes trivially 
from the positiveness of probability measures: Take A £ with /u(yl) = 0, then ai^^A) + (1 — 
a)v'{A) = implies I'iA) = I'iA) = because < a < 1, and thus u « /x, P << fi. Now let 
us prove the important statement (j2.35p . We follo^4ll mostly the proof of [52] and introduce 
first two cr-algebras related to the specification 7: The o"-algebra of 7-invariant measurable 
sets 

J^^ = {agJ^: 7a(^|-) = Ia(-), VA G 5} 



anco the a-algebra of /x-almost surely 7-invariant measurable sets 

Tjifx) = |a G : 7a(^|-) = Ia(-) /i-a.s., VA G 5}. 
We first prove that for a given /j, G ^(7), 



I. G g(7) ^ / := — G (2-36) 



To prove the first part of (|2.36p . it is enough to prove that for all c G [0, 1] the event {/ > 
c} G J^-zin)- For A G 5, we want to prove that, whenever /u, z/ G G{'j) and / — 

7a(/ > c|-) = l/>c(-)> lJ--a.s. 
or equivalently that when g = l/>c, one has 

llyg = 9, At - a.s. (2.37) 
Now, /X G ^(7) implies /i[7Ag — 5] =0, so to prove (I2.37|) it is enough to prove 

7Aff < 9, - a.s. (2.38) 



^^More generally, the proof comes from [31], but we have rewritten it to avoid the introduction of too many 
concepts. These ideas are also related to the so-called desintegration of measures, see [981 [3ll4]. 
^''They are indeed u-algebras [52] . 
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Writing -f^g = (jAg) •!/>£ + ilAg) ■'i-f<c = g- l\g + l/<c ■ l\g, one gets that proving 

(7A5f) • l/<c = 0, /i - a.s. (2.39) 
will be enough to get (j2.38p and thus ()2.37p . To do so, let us prove that 

(/ - c) • 7A5 d^i > (2.40) 



{/<c} 



i.e. that 



/ / • 7A5 dfi>c- 7A5 d/x. (2.41) 

■J{f<c} J{f<c} 



Using v = fjj,, v^A = ty, n = /i7A and the expression for g, one writes 

/ f -lAgdii = f ■ ^Ag d^i - f ■ lAg dfi = f ■ -fAg dfi - f ■ g ■ -fAg dfi 
J f<c Jn Jf>c Jn Jn 



^Ag du - / f ■ g ■ ^Ag dfi = / g ■ dv - / f ■ g- -fAg dfi 
n Jn Jn Jn 



= / f -g-dii- / f ■g-fAgdii= / / • 5 • (1 - 7A5() dfi. 
Jn Jn Jn 

But f ■ g = f ■ 1 f>c > c • 1 />c = c - g, and because < 7a5 < 1, one gets 



/ • 7Ag dfi>c- / g • (1 - 7A5) dfi = c ■ n[g] - c ■ f^ig^Ag] = c • / 7a5' dfi 
f<c Jn Jf<c 

where the last equality has been obtained using the consistency relation iJ,[g] = ;u[7a5]. So 
(j2.4ip holds, which in turns implies (j2.40p and then (j2.39p because trivially (/ — c) is strictly 
negative on the event {/ < c}, implying thus 7a5' = on the same event, that is exactly 
(j2.38p . Thus one has 7a5' = g /i-a.s., and eventually that the density / G J^^yip)- 

Let us now prove the converse statement, i.e. that when E G{j) and f = j^, 

It is enough to prove it for a step function f = 1a, with A G J^^{fj.), so let us prove that 
for all A G 5 and A G J^^{fi), the measure z^(-) := 1a{-)iJ'{-) = ^(- H A) satisfies z^7a = i'- By 
the defining properties of a specification, one can write, for all D G and A G 5, 

i^jAiD) = [ jAiD\-) di^ = i^[^A{AnD\-)]+i^[^AiD\A\-)] 
Jn 

< /i[7A(^ n D\-)] +fi[iA{-hA{n \ A\-)] 

= ^i{A n D) + fi[lA{-)ln\Ai-)] = HD). 

Working similarly on one also gets the domination of u^a{D^) by v[D^), and together 
with 

u^a{D) + u-iAiD") = 1 = u{D) + u{D'') 
this implies z^7a(£') = v{D), G and A G 5, so i/ G ^(7) and (f236|) holds. 
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To conclude, realize first that J-'oo is exactly the 7- invariant cr-algebra J^^: Any A G 
is 7- invariant by properness, and reciprocally, any 7-invariant set A G J^oo, because it can be 
written A = {7a(^|-) = 1} for any A G 5. Eventually, tail-triviality is obtained because n is 
trivial on if and only if it is trivial on J^^^ = Too, the /^-completion of the latter being 

exactljEl j^^(/i), see 



Proof of Theorem [27291 



1. It is straightforward to check that ^(7) is a convex subset of A4f{Q). Then ex^(7) 
is non-emptj0 and suppose /i is one of its extreme elements, and that there exists B G Too 
with < n{B) < 1. Then the conditional probabilities w.r.t. B and its complement B^ are 
well-defined as probability measures on (r2,.F) in such a way that 

= fi{-\BMB) + fi{-\B'MB') 

or equivalent ly 

= a fx{-\B) + {1 - a) fi{-\B') (2.42) 
with a = ^{B) G ]0, 1[. Denote v{-) = /u(-|i?) and rewrite 

= ^;(ijr = MB) 

in such a way that << /x, with a density ^ = ^^gj that belongs to Too because i? is a tail 
event. Lemma 12.341 proves thus that z/(-) = /i(-|-B) and v{-) = ii{-\B^) are distinct elements of 
^(7), and together with (j2.42p and < a < 1, this contradicts the extremality of /i. Thus, 
such a tail event B G Too cannot exist and one gets the first part of item 1. of this theorem: 



^Ji G 6x^(7) =^ n{B) = or 1, V-B G Too- 

To prove the converse statement, consider fx G ^(7), trivial on Too and such that there 
exists a G]0,1[ and G exQ^j) with fj, = av -|- (1 — a)i>. Then by Lemma 12.341 v « fi 
with a density / ^ G • The latter is a density thus = 1 and by tail-triviality of n 
one also has fi[f] = f (n-a.s.). Hence / = 1 (fi-a.s.) and v = 9 = fi, which is thus an extreme 
element of ^(7): /^(-B) = or 1, \JB G Too =^ G ex^(7). 

Let us prove now that any /i G Q{"f) is uniquely determined within ^(7) by its restriction 
to Too- Consider /i, G t/(7) such that ^l{B) = i'{B) for all B G Too and the convex combina- 
tion jl = + ^u, which is also in ^(7). By Lemma 12.341 one can write = f ■ Jl and u = g ■ fl 
with f,gG Too ■ If = /U on Too , then one also has ft = u = fi on Too , thus f = g = 1 and 
V = II. In particular, distinct extreme elements are mutually singular because they are trivial 
on the tail-fj-algebra: There exists then B G Too such that ijl{B) = 1 and v{B) = 0. 



Hence, we have now a characterization of extremality in terms of tail-triviality. To see how 
this leads to a unique simplicial decompostion, we shall also use the following characterization 
of extremal DLR measures, which can be derived from (I2.30p using standard arguments: 

exg(7) = {/i G g(7) : /i[^|-^oo] = /i(^), /^-a.s., VA G (2.43) 

^^It is not the case for general kernels, properness of the specification is crucial [52) . 
^^Consider for example a regular version of /x[-|.?"oo] for /x e Q{l)- 
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2. To get the unique extreme decomposition of /i € Gi'j), we follow the spirit of the proof 
of Dynkin [31] as worked out in detail by Georgii [52j in our particular DLR case. We shall 
mention at the end of this chapter other frameworks where such a decomposition holds. 

We start thus from a specification 7 for which there exists /i G ^(7)- By consistency, for 
any n € N, the kernel 7a„ is a regular version of conditional probability of fi given .Fa^ : 

7A„(AI-) = is[A\Tac]{.), /i - a.s., G ^. (2.44) 

The existence of such a regular version of conditional probabilities is insured by Theorem l2.13l 
and we shall sometimes denote formally f]^ the set of full //-measure set on which (I2.44p holds 
for all A and for all n. Remark that the uniformity in n implies that 0,^ is a tail event. 

The backward martingale theorem [IISJ ensures then that the following almost-sure limit 

lim fi[C\TAfJ{-) = f^[C\Too]{-), yCeC (2.45) 

n— ♦00 

exists also on a full measure set (that can be assumed to be the same ^2/^), defining a regular 
version of the conditional probability w.r.t. the tail u-algebra J^qq. Remark that the regularity 
of such versions is encoded in the order of the locutions "/i-a.-s." and "\/A E 

Our strategy is now to combine ()2.44p and ()2.45p with the core property (Definition I2.27P 
to introduce appropriate objects for a decomposition on the countable family of cylinders first, 
to derive some (tail-) measurability properties using countability, and thereafter to extend in 
a standard way the latter objects onto probability kernels that are in some sense extreme 
"/i-almost surely". In fact, the starting point of the decomposition is one of the defining 
properties of versions of conditional probability with respect to the tail c-algebra: 

V// G Mtm, /i(-) = / fi[-\^oo]iuj) dii{uj). (2.46) 

In some informal sense, the regular versions of //[-l^oo] are the prototypes of extremal 
measures entering in the decomposition of any /i G ^(7). To formalize this using consistency 
and the backward martingale theorem, we need to carefully define appropriate asymptotics of 
the specification 7, that will be probability kernels with an asymptotic properness leading to 
tail triviality, that eventually leads to a concentration on the extreme elements of ^(7). 

Step 1: ^-asymptotics of the specification 

We use first the core property (|2.28p to ^-almost-surely extend our asymptotic kernels 
from a definition on the cylinders. Indeed, combining (j2.44p and (j2.45p . one gets that 

Va; G f]^, lim 7A„(C|u;) = ^l[C\TJ^{uJ), VC G C. 

n— >oo 

By the core property, there exists then, for all u G $7^, tt^ G s.t. 

VCgC,^"(C7)= lim 7A„(C7|u;) = ^[C|.Foo](a;). (2.47) 

ra— >oo 

Extending this construction to any uj G by requiring tt^ to be any arbitrary elements 
of M.^{^), one gets a probability kernel with some nice specific properties, as seen in the 
following 
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Lemma 2.48 Let G /u G ^(7), il^ G Too as above for which {2.4-4^ and \2.4-5^ 

hold, and define ir' : T x Q — > [0, 1]; {A, to) 1 — > "^^{A) as follows: 

• \/uj G is the unique element of such that 

VC G C, 7r"(C) = lim7A„(C|cu) = fi[C\Too]{iv). 

n 

• \/io G ri^, TT^ is chosen to be the arbitrary probability measure /xq- 

Then tt' is a probability kernel from (fi, J^oo) to {0,,J^) such that 

1. //-a.s., ^[^iJ^oo] = vr-(^), VA G T. 

2. 

{vr- G g(7)} := G 1^ : vr^ G e?(7)} G J'oo- (2.49) 
and vr' is fi-a.s. consistent with 7 m the sense that: 



vr- G g(7) = 1. (2.50) 



Proof: To prove that vr' is a probability kernel from (Q,!Foo) to ($7,.F), we need to prove 
(see Definition I2.15P that for all u G O, 7r'^(-) is a probability measure on {Q,J^), and that 
for all A G J-", vr (A) is .Foo-measurable. The first item is true by construction, thanks to the 
core property. To prove the second one, denote V = {A G T : it' (A) G ^00 }• By construction, 
T> contains the set C of cylinders. The latter is a vr-system (i.e. a family of sets stable by 
finite intersections, that generates the c-algebra J^) whereas P is a Dynkin system (a family 
of subsets of O containing Q, stable by subtractions of subsets and under monotone limit of 
sets) contained in J^. Then we use 



Lemma 2.51 (Dynkin lemma [115]) Any Dynkin system which contains a n-system con- 
tains the a-algebra generated by this ir-system. 

Thus the property characterizing T> extends to the whole cr-algebra because the former is 
generated by the vr-system of the cylinder, and thus: G .F, vr'(^) G !Foo- 



By construction, 7r'^(C) = ^[C[J^oo] is true for all cylinders C for /x-almost every uj by 
(j2.47p . For these w's, /i[-|.Foo](w) and vr"^ are two probability measures that coincide on a 
vr-system, which coincide then on the cr-algebra generated by this vr-system, which is J- itself 
here. This proves item 1. of the lemma. 



Fix now a cylinder C (z C and focus first on the (random) measures vr'(C). By construction, 
it inherits first of all of the properness property and in particular for /i-almost every u; G 0, 

VCgCoo, vr'^(C) = lc(a;). 

It also inherits from consistency: For /i-almost every w, 

yC G C,vr"7A(C) = M[/i[C|.FAe] 1.^00] = f^[C\Too] = vr"(C) 
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Using Dynkin's lemma and standard extension techniques, this imphes that 

7r^7A(^) = ^^(^), VAg5, V^G^. 

In particular, one gets (|2.49p and (j2.50p and Lemma [2.481 is proved. 



fi—a.s. 



(2.52) 



Step 2: Concentration on the extremal measures 

Consider now, for fi e ^(7), tt' as a random measure on the probability space {Q,J^,iJ,), 
taking values in the set Aii{^). By the former lemma, it /i-concentrates on ^(7) and has 
some specific tail-measurable properties that are useful to relate it to extremal measures. One 
gets then the starting point of the decomposition by rewriting ()2.46p for fi S G{l)- 



Jn 



(2.53) 



Denote formally the law of vr' as a random variable on the probability space {Vl,J-,^). 
Writing Mq = '7r (il), one can rewrite formally (j2.53p in the form 



/u(-) = / vr'd/i = / V fi[7r' G du] = v ap\dv\. 



(2.54) 



Before focusing more properly on a rigorous definition of the weights that leads to 
the correct decomposition, we first establish an extra important consequence of the previous 
lemma: The limiting procedure used to define vr' on the space VL^ of full /i-measure allows 
interesting probabilistic properties of the measure Tr"^ for such typical uj: The measure vr*^ is 
an extreme element of ^^(7) and the above integral reduces to the set Mq = ex^(7). 



Lemma 2.55 



jyT' G ex^(7)| G J^oo and, V/x G ^(7), /x tt' G 6X^(7) 



Proof: Firstly, recall that the consistency has a consequence on the expected value of t^'{A) 
as a random variable (with values in [0, 1]) on (17, /i), as seen in (j2.53p : MA G 



^l[K■{A)\ = / 7r'^(yl) d^Ji{uJ) = / fi[A\T^]{io) dfi{io) = fi[^i[A\Tj^] = /i(A) 
Jn Jn 

so that the expected value of it' (A) is ^(^4), while its variance under fi G Gi^j) is: 



[7:■(A)-^,{A)y 



(vr-(^))'-2MA)7r-(^) + (M^))' 



7r-{A)f -2f,{A)f,[7T-{A)]+{f,{A))'' 



(2.56) 



in such a way that, when fi G ^(7), we can define it to be 



al(/i):=/i {n{A)f - {A)) 



{i:-{A)f -{^,{Af) 



(2.57) 
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or 



°-K-{A) 



(2.58) 



that could in particular be used to get (tail) measurability. For technical reasons, we extend 
the definition of this map a\ on the whole space M^{0.) usinj^ the same expression (I2.58p . 

By its definition via ()2.45p . Tr'{A) is a version of fi[A \ J^^o] for all A € and by ()2.43p 
jj, is extreme if and only if ^[^|.Foo] = fJ-iA), /i-a.s., VA € J^. This implies that the starting 
DLR measure fi G ^(7) will be extreme iff G J-', Tr'iA) = fJ.{A), fi—a.s. in such a way that 



exg(7) = {/X G g(7) : 7r (^) = fi{A) fi-a.s., VA G J^} 



(2.59) 



Using now Dynkin's lemma for the P-system {A G J- : vr (^) = fJ.{A) /i— a.s.} that contains 
C, one gets 

{vr- G exe?(7)} = j^' G 6^(7)} ri f] [n : n{C) = /i(C)} (2.60) 

cec 

which in particular insures the .7-"oo-measurability of {vr' G 6X^(7)} from (j2.49p . and from this 
of vr'(C) for any C G C. Hence, extremal measures are the fi G ^(7) that satisfy 

VCgC, 7t-{C) =fi{C), /i-a.s. 

i.e. that as a random variable, for all C G C, vr (C) would be a.s. equals to its /^-expectation, 
and, as in many cases in such situations, it implies that its variance (j2.57p should be /i-a.s. 
zero 



/u G 6x^(7) ^ /i G ^(7) and VC G C, /x fj^(7r-(C)) = 



1 



This proves that vr' is itself extreme //-almost surely, as a consequence of the tail measur- 
ability of TT' : A I — > vr (^). Indeed, one then has fi[{TT' {A))'^\Too] = (t^" (^))^ /i-a.s., for all 
A G and in particular, for all C G C, 



'^[{n{C)f\T^]{u;)-{7r-iC)f 







(2.61) 



which implies 



^■(vr-(C))^ 



7r-[(vr-(C))2]-(vr"(C))^ 



0. 



This proves /{[vr' G 6x^(7)] = 1 and the lemma using ()2.60p . 
Step 3: Extreme decomposition and its uniqueness 



To properly get the decomposition using the concentration of the asymptotic kernels on 
the extreme DLR measures, we use the tail- measurability of the previous lemma together with 
the very definition of the conditional expectation in an extended version of (12.46P : 

G .F, V5 G Too. [ f^[A I J^ooK-) dfi{-) = [ 1a{-) df,{-). (2.62) 
Jb Jb 

By Lemma B = {vr' G ex^(7)} G J^oo so in particular, one has for all A G 

I fi[A I .Foo](-) d/i(-) = / 1a{-) dii{-) = ^l{A n {vr- G 6x^(7)}) (2.63) 

^''instead of the more usual variance (|2.56p . The two expressions coincide on Qipi) 
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and the latter is exactly n{A) by concentration of vr' on ex^(7) for /i G Qij)- Thus one can 
rewrite ()2.53p as 

//(•) = ti{ ■ n{7r- G 6x^(7)}) = / ^[-1 ^oo](w) df^iuj) = I 7r'^(-) d^l{uJ). 

(2.64) 

Consider as in the definition p. 320 of the theorem and extend it into a probability measure 
G 7W^(ex^(7), e(exC/(7)) defined to be the law of vr' as a random extremal DLR measure, 
i.e. by 

a^{M) := fj.{-K- G M), VM G e(exa(7)). 

It is indeed a probability measure because for all M G e(ex^(7)) one has {vr' G M} G J^oo C 
and because a^(ex^(7)) = 1 by step 2. abovj^. Thus we identify Mq by ex^(7) in (j2.54p 
and rewrite ()2.64p under the form 

^ = / u a^{dv). (2.65) 

J cx5(7) 

Uniqueness of the representation follows by the uniqueness of the extension in the core property 
and from the uniqueness of the representation of a probability measure via its action on 
measurable functions, and Theorem 12.291 is proved. 



2.5.2 Selections by boundary conditions 

In statistical physics, Gibbs measures are often considered by taking the infinite-volume limit 
of finite volume specifications with prescribed boundary conditions. It is not rigorously true for 
general DLR measures, but a corollary of the simplicial decomposition indeed indicates that it 
is true for extremal measureJ^. The direct description of non-extremal ones is more peculiar, 
but of course can be done using this decomposition, see [52l[36] for a more general description. 
Stronger results are also true in the quasilocal context, but the latter is not necessary for what 
follows; it is important for us while we shall consider non-quasilocal measures within the still 
active Dobrushin program of restoration of Gibbsianness. Extreme points have thus the 
nice general extra property to get identified with some particular sequence of measures with 
boundary conditions: An infinite-volume extremal measure specified by 7 can be selected by 
a sequences of finite volume measures with boundary conditions that are typical for it: 

Theorem 2.66 '5^ Let ^ he a specification such that there exists /i G ex^(7). Then, for any 
sequence of cubes (A„) G S, for any f ^ T bounded, the following convergence holds: 

7A„/(-) /^-a.s. (2.67) 

n— >oo 

7A„(V) for ii-a.e.{uj). (2.68) 

n— >oo 

In case of phase transitions, it provides a more explicit description of extremal measures: 

^^Rigorously speaking, one should use the expression (|2.58|l in terms of the evaluation maps to prove the 
measurabihty on (ex5(7), e(exC/(7))) , but this is standard, see e.g. [52) . 

^^The converse statement is not true. There exists non extremal measures that are such weak hmits, see e.g. 
the 3-states Potts models with well-chosen external field. 
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Theorem 2.69 Let ^ he a specification such that there exists [i^ v ^ 6x^(7). Consider 
f ^ J- hounded such that 7^ v[f]- Then the tail-measurahle sets 

L n^oo J 

are such that l-i{Bli) = v{^bI^ = 1 and viyBf,^ = fJ,{Bl^ = 0. 
Basic example: 2d Ising model at low temperature 

Although the simplicial representation is a very satisfactory result from a theoretical point 
of view, it is far from being an easy task to characterize and describe the extreme DLR mea- 
sures for a given specification. We shall mention a few known examples later on in this course, 
but we also stress here that the description is still mostly incomplete from the mathematical 
point of view. The most complete results concern the standard Ising model on Z^. For this 
model, we have seen in Theorem 12. 261 that the set of DLR measures is the convex set [M/? j A*/^] 
where the extremal measures are characterized by an opposite magnetization =bm^ G [0)1]) 
defined to be m/3 = K^+[ao] = — E^- [ctq], with 7^ at low enough temperature. In such a 

case, one can write for any ^ G ^(7), using (j2.65p and the definition ()2.33p of the weights, 

where the weights can be shown to satisfy 

"/^(/"^) = ^ {uj lim7A„(C|±) = /^^(C) for any cylinder C} = l^{B^±) 

with the sets Bm defined in p.2p for m € [0, 1]. For the Gibbs measure with free boundary 
condition^, one e.g. recovers 

f 1 + 1 - 
- 2 "^J + 2 "^^^ 



2.5.3 Ergodic vs. extremal DLR measures 

Thus, Theorem 12.291 tells us that for a given specification, any DLR measure is uniquely 
determined in terms of the extremal ones, those that are trivial on the tail cj-algebra 
i.e. for which global macroscopic observables do not fluctuate. This is the reason why they 
are related to macroscopic states of our system, as we shall discuss soon. Nevertheless, one 
is also often interested by translation-invariant quantities and it appears that replacing the 
tail events by translation-invariant ones in the previous decomposition leads to the famous 
ergodic decomposition of translation-invariant probability measures. Let us describe briefly 
the proof of [52] that gets the ergodic decomposition as a corollary of the previous theorem, 
using a particular speciflcation related to a spatial average operator. 

Hence, as usual in ergodic theory, we focus now on the set A4f^^^{^l.) of translation- 
invariant probability measures and on the cr-algebra J-i^iv of translation-invariant events. In- 
troducing a particular speciflcation 7 defined for all ^ G JT, G $7 and A G 5 by 

' ' ieA 



I.e. without any boundary condition, see next section. 
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one easily gets that the 7-invariant sets are exactly the translation-invariant ones, i.e. 



By an adaptation of the proof of the extreme decomposition (j2.64p . in the more general 
framework of [31], one gets the following theorem, proved in Chapter 14 of [52]: 

Theorem 2.70 fS^lMI The set Mf^^-^i^) is a convex subset of Mi{Q) such that: 

1. Its extreme elements are the probability measures that are trivial on the translation- 
invariant a-algebra J-mv, i-^- the ergodic probability measures on {0,,J^): 

eigin) = {/X G Ml^^^in) ■ ix{A) = or 1, VA G .Finv}- (2.71) 

Distinct ergodic measures v are mutually singular: 3A G J-im, iJ-iA) = 1 and y{A) = 0, 
and more generally, each ^ G erg(r2) is uniquely determined within the ergodic measures 
by its restriction on J-ixw- 

2. M.^^^^{Q) is a Choquet simplex: Any /x G M.i -^^^{^) can be written in a unique way as 



Jerg(n) 



where G A^j^ |^erg(0), e(erg(0))j is defined for all M G e(ergA4) by 

af,{M) = ^i\{lo (^Vl:3u eM, lim7A„(C|u;) = u{C) for any cylinder C]\ . (2.72) 



In this theorem, translation-invariance and the ergodic theorem play the roles respectively 
devoted to tail-triviality and the backward martingale limit theorem in Theorem 12.291 Many 
other similarities exist, described e.g. in Chapter 14 of [52j or in [36j . 

Remark 2.73 (Physical Phases) Once we agree to describe the true physical phases of 
the system by some random field of AA.'^ ■^^^{^) , we have now three different mathematical 
manners to characterize the macroscopic "states" of the systems we want to model. Start- 
ing from a specification describing an equilibrium at finite volum^^, one can consider first 
the set of DLR measures ^(7) as good candidates to play the same role at infinite volume, 
leaving moreover the door open to the modelization of phase transitions. Requiring then 
that macroscopic, i.e. tail-measurable, observables should not fluctuate, one can then restrict 
the macroscopic description to the DLR measures that are trivial on the tail cr-algebra, i.e. 
to ex^(7), and use thereafter the extreme decomposition to get a more general description 
that incorporates uncertainty of the experiment. For other purposes, one can also be inter- 
ested in translation-invariant objects, in particular when the underlying system is translation- 
invariant, and chose then to focus either on the set Qinwil) = -^nnv(^) ^ ^(t) 
extreme elements ext/inv(7), or either on the translation- invariant extremal measures, i.e the 
translation-invariant elements of ex^(7). These approaches are far from being equivalent: The 
latter form a rather small and sometimes empty set, whereas the former consists of ergodic 
measures, that are in particular extreme because Tirw C Too- These ergodic measures are thus 



It corresponds to the finite volume Boltzmann-Gibbs weights, see next chapter. 
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often chosen to be the physical phases that represent macroscopicahy the equihbrium state 
of the underlying interacting particle system. If one does not focus on translation-invariance, 
the structure of extremal states could be very rich and far from being equivalent to ergodicity, 
see various examples of Ising models at higher dimensions [26], or antiferromagnetic [36], or 
on trees [81I561I6T1 [TiMl . 

Remark 2.74 (de Finetti's theorem and exchangeability) Let us also mention now that 
within a slightly different framework, a theorem similar to Theorem 12.291 is equivalent to the 
de Finetti's theorem for exchangeable measurej^. Instead of working on a lattice, consider S 
to be the set of non-negative integers N, and focus on permutations and its associate a-algebra 
of symmetric events I = Dn^n already introduced in Section 2.2. This symmetric ir-algebra 
plays the role devoted to Too in the extreme decomposition, and defining a family of proper 
probability kernels 7 = (7nGN)nGN from to by. 



one first gets that the set ^(7) of 7- invariant probability measures is exactly the set of ex- 
changeable measures. Using a corollary of Theorem 12.291 Its extreme points have then to be 
trivial on the symmetric events I, and it corresponds to the product measures of the form A®^ 
with A G A4f{E,£). Proceeding in a similar way as in the extreme decomposition of The- 
orem 12.291 one gets that all permutation-invariant (or exchangeable) measures are uniquely 
determined as convex combinations of product measures: This is exactly de Finetti's theorem 
[25j . A more refined analysis of this analogy and of the cr-algebras I, J-'mv and J^oo also lead 
to related 0-1 laws, see [31 H EH [52] . 



See e.g. [25]. It can also be used to complete the description of mean-field models. 




Chapter 3 

Quasilocal and Gibbs measures 



3.1 Quasilocality for measures and specifications 
3.1.1 Essential continuity of conditional probabilities 

The link between continuity and quasilocality described through the product topology enables 

to generalize the Markov property to probability measures whose conditional expectations of 
local functions depend only weakly of spins arbitrarily far away from their support. This leads 
to the concept of quasilocal measures, which, in addition to provide a good framework to get 
the existence of specified measures, is also closely related to the notion of Gibbs measures. It 
corresponds to the concept of Feller kernels in the standard theory of stochastic processes. 

Definition 3.1 A specification 7 is said to be quasilocal when 



A measure is said to be quasilocal if there exists a quasilocal specification 7 such that fx E G (7) . 
Recall that for any A G 5, 7a/ is defined by: 



Thus, 7A being properly speaking a kernel from (J7a<=) -^A<=) to J^/i^), the function 7a/ 
is J^Ac -measurable and continuity as to be understood here as continuity w.r.t. the boundary 
condition ui (depending only on wa^): If 7 is a quasilocal, then for any / G ^loc, for any A € (S, 



An important consequence on the conditional probabilities of local or quasilocal functions 
w.r.t. a quasilocal measure is the following 

Proposition 3.2 (Essential continuity of conditional probabilities) Consider 7 to be 
a quasilocal specification on {0,,J^) and /i € ^(7). Then, for all f G .Fqioc, A € 5 and uj £ 0,, 
there always exists a version of the conditional probability | .Fac](-) that is continuous at 

UJ. 



VA G 5, / G J'^ioc =^ lAf e ^qi, 



Vw G 9,, 7a/(w) = / f{cr)^A{da \ oj). 




lim sup 7a/(^^) - 7a/(o-) = 0. 
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Indeed, fi G Gil) implies that for all / € J^ioa one has | J^a<']{-) = 7a/(')) fJ'-as., that 
has thus to be fi-a.s. continuous. In particular, for a given quasilocal measure //, it is not 
possible to change a version of conditional probabilities to make it discontinuous: Take e.g. 
f{cr) = (To, one should have for all A € 5 and for all w E il, 



lim sup 







(3.3) 



because the former conditionings are in open neighborhoods of and open neighborhoods are 
automatically of positive //-measures here [l3]. This also express an almost sure asymptotic 
weak dependence in the conditioning that can be seen as an asymptotic extension of Markov 
properties, as suggested by the denomination almost Markovian chosen by Sullivan in |114j . 

The failure of this essential continuity (j3.3p will be very important in the last chapter when 
dealing with transformations of Gibbs or quasilocal measures and to detect non-quasilocality 
via the following sufficient condition, which we call essential discontinuity although it is a bit 
stronger in the following formulation than the usual general meaning (see 



m a 



Proposition 3.4 (Essential discontinuity) A probability measure n G A4f{il) is essen 
tially discontinuous at uj if there exists A G S, f G Tioc, S > and A/'^(w), A/'^(a; 
neighborhood Ma{u)) such that 



or equivalently 



lim sup fi[f I J^A'=]{uJA'Uj\,c) - iJ-if \ J^A'^]{uja'Uj\,c) 



> 5. 



(3.5) 



3.1.2 Existence results in the quasilocal framework 

In our finite spin-state settings, where compactness holds, quasilocality insures thus the ex- 
istence of a measure in G{'y)- The following proposition additionally indicates how one can 
naturally construct such objects as the limit of large but finite systems with some specified 
boundary conditions, that have then to be typical for the measure constructed. The set of 
DLR measures is then a closed convex subset, and this explains the usual introduction of 
Gibbs measures as weak limits of finite-volume probability measures with boundary condi- 
tions. For any specification 7 and sequence {i^n)^^^ G -^i'(^)) we recall that z^nTn denotes 
the probability measure acting on bounded f ^ T via: 

i^n7A„[/] = / -iAj{^)VnidjjS), Mn G N. 

Jn 

Proposition 3.6 JS^ Let n be a compact metric space and 7 = (7a)ag5 quasilocal speci- 
fication on it. Then, for any sequences of cubes {kn)n&n and any arbitrary sequence {i'n)n&i 
on M.']^{^), the weak limit 

fi:= lim i^nju 

exists in Al^(il) and fj, G ^(7). In particular, Gij) is a non empty convex subset of M^{Q,). 

We introduce now the main example of quasilocal measures, that are nothing but (infinite- 
volume) Gibbs measures, and explain why a converse statement telling that most quasilocal 
measures are Gibbs is also true. 
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3.2 infinite-volume Gibbs measures 
3.2.1 Equilibrium states at finite volume 

We recall here briefly some elementary physical concepts that led Boltzmann and Gibbs to 
settle down their prescription for equilibrium states. This is very simplified, and probably too 
simple in a physical point of view (the notion of entropy being for example far from being so 
simple, see e.g. [86^179]) but we state it in order to formally justify the notion of equilibrium 
states that we will develop in Chapter 4 within the so-called variational principle. Hence, our 
aim is to provide a probabilistic translation of the second law of thermodynamics that claims: 

Equilibrium at a fixed value of energy maximizes entropy 

or, in an equivalent statement. Equilibrium minimizes free energy. 

For a modelization at finite volume A, the microscopic states are the collections cja € f^A 
of random variables ((Tj)jgA and the macroscopic states are their possible distributions fi\ € 
A4^{Qa, The energy of a configuration is represented by an Hamiltonian at finite volume 
H\{(T\) and thus the energy of a macroscopic "state" /ua is represented by the average of the 
Hamiltonian, i.e. 

E^[//a] := HA{aA)f,f,{daA). (3.7) 

In one of its original interpretations, the entropy of a system is supposed to evaluate its degree 
of disorder. Translated into a probabilistic framework and quoting Khinchin in [68], "it seems 
highly desirable to introduce a quantity which in a reasonable way measures the amount of 
uncertainty associated with a given probability measure, that would be minimal for complete 
uncertainty, positive in other cases, maximal for the one with equally likely outcomes (uniform 
distribution), and that would have some nice monotone properties when the knowledge of the 
system increases". Following these ideas, one could show that such a function of a measure 
should involve the function /(x) = xln(x) and the standard definition of the entropy of a 
(finite volume) probability measure fi\ is indeed given by: 

Hk{^i) = - ^ ^((Ta) ln/iA('TA)- (3.8) 

In classical thermodynamics, the free energy "F" of a system is usually defined through the 
second law in the form " F = U — TS" where U is the (internal) energy, T = ^ the temperature 
and S the entropy. To pursue the analogy, let us define the free energy at inverse temperature 
/3 > of a (finite-volume) probability measure ^\ to be 

Flif,)=E^[H^]-^nAilJ^). (3.9) 

There exists two simple ways to see which probability measures could reasonably be considered 
as equilibrium states, following the two different statements of the second law of thermody- 
namics. In the first formulation in terms of maximization of entropy, it is an elementary 
exercise using Lagrange's multipliers [65] to show that a probability measure ^a having the 
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given energy (j3.7p and maximizing its entropy (j3.8p should give weights of the form given by 
the famous Boltzmann-Gibbs weights \10\ I51j to each configuration: 

4i^A] = ^ • e-'^^^('^^) (3.10) 

where the normahzation is the partition function = ^^^^^^^ g-Z^^^AC^A)^ which will be 
related soon to our free energy. 

To establish (j3.10p and illustrate the second law of thermodynamics in its second formula- 
tion, we introduce another important concept, the relative entropy of two probability measures. 
For simplicity, we consider the case of fi\, i^a being two non-null probability measures on the 
finite volume configuration space {Q\,J^\), in the sense that any configuration has a positive 
probability; the relative entropy of /ua with respect to i^a is then defined to be 

HAifL = mI-^a) • In ^^('^^^ . 

This function has among others the nice property to be non-negative for any probability 
measures on Oa and to be zero if and only the two measures coincide: 

Ha(/u|zv) > 0. 

Wa(/U I i^) = iff /lA = l^A- 

Observing that HAifi \ uf^) = F^{fi) + ^InZ^, one concludes that free energy is indeed 
minimal when ^a = ^'a given by the Boltzmann-Gibbs weights (j3.10p . This minimal value 
of the free energy is then F^{u^) = —^InZ^, recovering thus the other form of the second 
law of thermodynamics. These justify the following introduction of Gibbs specifications. 



3.2.2 Gibbs specifications and infinite-volume Gibbs measures 
Definition 3.11 (Potential) A potential is a family <I> = (<I>a)a6<s of functions 

^A-^ ^ K 

indexed by the finite subsets of S, such that Vj4 G S, is TA-measurable. 

Our infinite- volume formalism incorporates the finite- volume one by considering free (or 
empty) boundary conditions, to extend Hamiltonians from J7a to in a well defined way by 
considering finite sums in the following 

Definition 3.12 (Hamiltonian with free boundary condition) Consider a potential ^ . 
For all A € 5, the Hamiltonian at finite volume A with free boundary condition associated 
with $ is the well defined and TA-measurable map 

H*'-^ : n — >R 

Ae5,AcA 



^This is true only when <E>a is bounded for all A £ S. In a more general framework involving "hard-core 
exclusion", $ is allowed to be oo and the formalism has been adapted, see e.g. [29] 184] , 
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Nevertheless, the sums involved in the Hamiltonians are not finite in general and one 
should focus first on convergence properties of potentials before introducing infinite-volume 
Hamiltonians with prescribed boundary conditions. In the following definition, convergence 
of series will be considered in the sense of the convergence along nets already defined: A series 



^^g^ Fa converges iff the net ( X^^eA ) converges to a finite limit as A | S" in the 
sense of Definition 12. 61 We shall illustrate this convergence in some examples soon. 

Definition 3.13 (Convergence of potentials) A potential $ is said to be 

1. Nearest neighbor iff for all w € Jl, ^a{^) = unless A = {i} or A is a pair (ij) of 
nearest neighbors. 

2. Finite-range iff there exists a range i? £ N* such that, for all uj, ^ pjyuj) = and for all 
A such that \A\ > R, where \A\ = supj ^gy^ j) is the diameter of A. 

3. (Point-wise) convergent at uj ^ if, for all A E 5, the Hamiltonian 

H|(a;):= ^ $^(u;) (3.14) 

exists, convergent when the convergence holds for allu) ^VL and almost-surely convergent 
when there exists G A4f{0.) such that $ is convergent at ix-a.e. a; G ri. 

4-. Uniformly convergent when the series defining \3.14^ are uniformly convergent into 
or equivalently when 

limsup V ^a{oj) =0. (3.15) 

5. Uniformly absolutely convergent (UAC) when 

Vie 5, sup [$a(^)| < +00. (3.16) 

Nearest neighbor and finite-range potentials are UAC and obviously 

Lemma 3.17 <I> UAC =^ $ uniformly convergent =^ ^ convergent. 

A potential that is UAC satisfies also for any A € 5, Y^Aes AnA^il)^^Pi>j&^ \^Ai^)\ < +oo 
which in particular implies uniform convergence (it corresponds to normal convergence of 
series) . 

Remark 3.18 If we do not make precise the way these infinite sums are done, the sum H* 
in (I3.14P could be ill-defined. Consider the pair (but not n.n.) potential $ defined for all 
UJ G {— 1,+1}^ by ^a{^) = ^i^^j if ^ = and = when A is not a paiiH. Let 

A€S,UJ en, write S = B+ U B' , with B^ = B^{uj) = {ieZ, uJi = ±1} to get for yl G 5 

<^a{uj) = Yl ^a(.uj) + Y ^a(.oj) + Y ^a(.uj). 

AnA7^0 AnA^0,AcB+ AnA^(l),AcB~ AnA^9,AnB+y^(li,AnB-^§ 



^This potential corresponds to the so-called Coulomb interactions, see e.g. [110| . 



38 



CHAPTER 3. QUASILOCAL AND GIBBS MEASURES 



But, 

are non-convergent series, whereas the series Y^AnA^MnB+j^d ^Ai^) can be convergent 

for some uj's. Thus, the series could be non-convergent whereas H* is well-defined if we use 
nets as above. 

Examples of potentials 

1. Ising potentials: Recall that the single-spin state-space is = {—1,-1-1} with a priori 
measure po = -|- The (n.n.) Ising potential is <I> = {^a)a£S defined by 

{-J{i,j) -uji-ujj iiA={i,j} 
-h{i) -uji iff ^ = {i} 

otherwise 

where J : S x S — > M is called the coupling function and h : S — > M the external 
magnetic field. In the standard Ising model, J(i, j) = unless i,j are n.n. and when both 
J and h are constant, we call it homogeneous Ising model, inhomogeneous otherwise. It 
is ferromagnetic when J > and anti-ferromagnetic otherwise. Less standard non-n.n. 
Ising models are also sometimes considered. One studies e.g. long-range Ising models 
when J{i,j) = \ i-j \ r > well defined for r g]1,2], see next sections for a few results, but 
also so-called Kac-Ising potentials which have a long but finite range. Their origin comes 
from a description of the van der Waals theory of liquid- vapor transitions initiated by 
|66j and we follow here the terminology of [22|. The starting point is a smooth non- 
negative function supported by the unit ball J(-) and normalized as a probability kernel 
(i.e. ||J||i = 1). The Kac interaction allows ranges from I to -|-oo via a parameter 7 > 
and coupling constants 

J^(i,j) =7'- J(7K-j|), Vi,jG5. 

In the original van der Waals theory, one is particularly interested in small 7 for which 
the model presents a long range interaction (of order 7~^), small coupling constants 
(of order 7*^) and a total strength at each site of constant order 1, and in performing 
thereafter the limit 7 goes to to approach mean-field models. It is the n.n. Ising 
model when 7=1, and thus Kac models allow an interplay between n.n. and mean-field 
models. 

2. A (uniformly) convergent potential that is not UAC: 

This example is due to Sullivan |114j . Consider Vl = {— 1,-|-1}^ and define a potential $ 
that is non-null only for the finite sets of adjacent sequences in Z on which the spins are 
all -|-1, more precisely such that for all A E S, for all w E fi, $^(lij) = ^ iff = 
-|-1, \/i ^ A = {A:, ■ ■ ■ , -|- n — 1}, /c E Z, n E N*, and ^a = otherwise. To prove that 
$ is a convergent potential, we prove that the series H*(u;) = Ar^ki^9 Aes ^ a{'^) are 
convergent for A = {0}, the extension to all finite subsets A being then straightforward. 
This amounts to prove that, for all w E 1^, the sequence of general term Un{uj) = 
Ya^o AnA'^j^d ^a{^) converges to zero when n goes to infinity. Here it becomes 

E ^-(-) = E E ^-riWiH- 

A3O,AnA=7^0 k>nA30,\A\=k ieA 
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and one has for n large enough, uniformly in cj, 



< UJu) 



< 



Un{+) =|^(fc + l) 



k>n 



A;2 



where the term on the right is the tail of a convergent alternating series, which is con- 
vergent. This potential is thus uniformly convergent, but it is not uniformly absolutely 
convergent (UAC): 



2k 



A90,AcA„ 



n=0 



-I) 



2n 

E 

fc=0 



k + 1 



and the latter is a non-convergent series. 



3. A.s. convergent potential: Potentials associated to renormalized measures to define them 
as weakly Gibbsian measures, see Chapter 5 or |95j . 

4. (Relatively) uniformly convergent potential: Sullivan |114j has introduced a notion of 
convergence slightly weaker than uniform convergence, which can be associated to any 
quasilocal specification and which is translation-invariant when the specification is. See 
next section and Remark 13.581 

5. UAC: We describe next section how to define a UAC potential from a quasilocal speci- 
fication, following a general construction of Kozlov [71j . 



Before introducing Gibbs measures properly speaking, we give a general definition of par- 
ticular potentials that will be used to build a convergent potential associated to a quasilocal 
specification in the forthcoming Theorem 13. 40^ and later on in Chapter 5 to establish ther- 
modynamic properties in the generalized Gibbsian framework. 

Definition 3.19 (Vacuum potential) Let ^ be a potential and denote by + a particula^ 
configuration of 17. We say that ^ is a vacuum potential with vacuum state + € ^ iff 
= whenever uji = + for some i & A ^ S . 



For such a potential, also called lattice gas potential, the Hamiltonian with free boundary 
conditions can be seen as an Hamiltonian with the vacuum state as boundary condition, when 
Hamiltonians with boundary condition are defined by the following 

Definition 3.20 (Hamiltonian at volume A with boundary condition uo) If^ is a con- 
vergent potential, the Hamiltonian at volume A G 5 with boundary condition a; € is defined 
for all a ^Q. by 

Ha''^(o-) = H|(o- I := H*(crAu;Ac) = ^ 0^(o-au;aO- (3-2f) 

Ae<s,AnA7^0 

A convergent potential is regular enough to define this Hamiltonian with boundary condi- 
tions, but it will not be enough to define Gibbs measures with the right expected properties, 
for which UAC is usually required. At finite volume A, the Hamiltonian with free boundary 



^This could be any configuration, we denote it by "+" only by analogy with the Ising model. 
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conditions of a configuration a is seen as the energy of the system contained in A when it is 
in the configuration a, and a UAC convergence means that a change of a configuration in a 
finite part of the infinite system produces always a finite change of the total energy. Requiring 
for a potential to be UAC will be enough to define a Gibbsian specification associated with 
this potential, and then to provide a "reasonable" modelling of the physical properties of 
the systerD@. This requirement actually seems to be too strong, and this possibly too strong 
requirement causes troubles in the analysis of some renormalization group transformations, 
leading to generalized Gibbs measures described in Chapter 5. 

We are now ready to introduce Gibbs specifications and Gibbs measures, defined from a 
UAC potential. First we introduce the following normalization, central in statistical physics 
and related to the free energy of the system as we shall see in Chapter 4. 

Definition 3.22 (Partition function) Let ^ be a convergent potential, w S ri, /? > and 

A £ S. We call partition function at temperature (3^^, at volume A, with potential ^ and 
boundary condition oj, the T\c -measurable function 

zfM = / e-/^HiW/,A0e:(^^)= / e-f^^ti^^K^ida)= [ e-'^'^ti^^-^ p^da^) 
Jn JQ Jqa 

where ka = PA ® ^^J^c ^ -^i'(^); '^'^^^ is the Dirac measure on x G E^. 

When free boundary conditions are considered, the partition function is denoted Z^'^ . 

Definition 3.23 (Gibbs distribution at finite volume A) Let^ be a UAC potential. For 
A £ S, we call the Gibbs distribution at finite volume A, with potential at temperature 
and with boundary condition u! £Q, the probability measure 7^* (-la;) on defined by: 

yA G ^,7f (^M) = / lA(a)e-^HA('^) KA{da) 

(uj) Jn 

where k\ = still denotes the product measure pA ^ S^^^^ on (17, JF). 

In order to underline the role of the boundary condition cj, one also writes 

7f (A|a;) = [ l^(aAa;AOe-^"*('^l") PAida^) 

Z^ (w) JCa 

Theorem 3.24 (Gibbs specification) Let ^ be a UAC potential and f3 > 0. The family of 
kernels 7^* = (7A*)Ae5 is a specification, called Gibbs specification with (UAC) potential 
at inverse temperature /3 > 0. 

Proof: It is straightforward to prove that for a UAC potential, the Hamiltonian with 
boundary condition is bounded, and thus the partition function exists as a function of the 
boundary condition. Define now for all A € A G 5 and cj € fi, the density- type function 

/A(cT) = -^-e-^«A». (3.25) 
Z A [a] 



*See also a general discussion about Banach spaces of interactions in [36) . 
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There is no boundary condition oj involved in this function, although it incorporates the 
partition function. This being ^A<:-™easurable, one nevertheless recovers 

We have also < |/a| < 1 and for all A E ^ and w G il, 

j1^{A\uj) = / /a(ct) K%{da) = / 1a(o-awaO • fkicK^^k'^) PAida^)- (3.26) 
J A JQa 

and it is straightforward to check that 7^* is a probability kernel satisfying properties 1. in 
Definition 12.211 of a specification. Properness is also directly verified: Let B E J-A"- Vo", w G 
Q, 1b((7a<^a=) is independent of a and ls(cA'^A=) = Ifil'^A'^A'^) = Isl"^)- Therefore, for all 
a; € (7 and B E J-'a'^, 

7f = [ lBiaAUJA^)e~^''"^-\-^PA{daA) 

[uj) Jua 

= ^ / lB(-Au;AOe-^"*(-'-VA(d-A) = f e-^^tH^^pAidaA) = 1b{u:). 

To prove consistency (j2.22p . we assume without any loss of generality that (3 = 1 and 
consider A C A' E 5, ^ G ^ and a; E $1. To prove that 7a'(^|w) = 7a'7a(^|'^)) we write 



7A'(^k) = / '^A{TA'UJA"=)fA'{''rA'^h"^)Pk'{dTAi) 
JUa, 

and 7a'7a(-4|w) = /j^7A(A|r) jA'idrluj) 

1a(<7ATa'\A^^A'0/a(^A'^A'\A'^A'0'^'^a) ■ /a'('^A'^A'0 dTA' 



A' 



where we have written daA instead of pA{d(TA)- To prove that the family is invariant under 
expectations w.r.t. the conditioning in intermediate regions, we modify the latter expression 
in order to extract what is really needed in terms of the functions /a. Write 



7A'7A(^|t^) = / fi'A,A'('^A'\A)rfTA'\A (3-27) 
where, using Fubini's theorem and trivial changes of variables, one has 

5A,A'('^A'\a) = / /a'('^ATA'\A'^A'0 • ( / 1a(o-ata'\a'^a'0/a(o"ata'\a^^a'0'^^a) dTA 



1a(taTa'\a'^A'0 • /A(7"A't^A'0 ■ (y / /A'(o"AT"A'\A^^A'Of^^A) dTA 



Qa J^a 

To get consistency at the level of the density functions {fA)K&Si one would like to get 
rid of the last integral in this expression. This is provided by the following lemma, which 
indicates under which conditions on the family (/a) of densities one recovers consistency 
at the level of specifications. It is in fact crucial to check one of its items to get consistency 
for the Gibbs kernel^. 

^This property of specifications will be very useful to play on the conditioning for boundary conditions that 
coincide outside some finite sets, in particular to get the Kozlov's potential next section. It corresponds to the 
key bar- displacement property of [43], where densities of specifications are explicitly introduced. 
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Lemma 3.28 (Consistency for densities) Let (/A)Ae5 be a family of (strictly) positive 
measurable functions /a such that^A G S, \/uj € ^, J^^ /a(o'A'^A':)pa('^o"a) = 1- The following 
statements are equivalent: 



1. VA C A' G 5, Muj,ijj' £ Q s.t. uj\c = uj'j^^, 

fA'ito') fAiu') 



(3.29) 



/a'(^) /a(^) ' 
2. VA C A' G S, € n, 

/a'(^^) = /a(^) • / fK'{<yK^K'^)PK{dcrA). (3.30) 

Proof : Let us prove that 1. ==^ 2., writing da\ instead of /5a('^'^a)- Assume (|3.29p holds 
for A C A' G 5 and let w G il. Then 



fAiuj) f\'{(yKi^K'^)dcFA = I fAiuj)fA'{f^AOJAc)daA= fA'iuj)fAicrAUJAc)daA 



= fA'{^) j fA{(yA^A'^)daA = fA'{^^) 

because /^^ /a(o'aCa=)^^'^a = 1- Thus 1. =^ 2. 

Consider now uj,uj',A,A' as above, with wa^ = ^'a<=- Using 



/a'(^) = /a(^^) • / fA'{(^Ai^A'=) dUA, /a'(^^') = /A(t^') • / /aK^A^^aO t^CTA 

with wac = uj'ac , we get 

/ fA'{(^A(^A^) daA = f A' {a a(^'a'^) da A 

and then 

/a'(^') • /a(w) • / /a'(c^awaO c?<7a = /a(w') • ( / /A'(o"At^AO daAj ■ /a'(^) 

and we conclude the proof of the lemma by non-nullness of our Gibbs weights. 

To prove Theorem 13.241 we check now that item 1 . is true when /a is given by (|3.25p . 
Consider A C A' G 5, w and lv' s.t. wa^ = ^'a'^- By definition 

fA'iu;') _ (Za'{oo')\-^ exp(-^^nAV0^^(^')) 



/a'(u;) V Za'{^) ' exp(- Eaoays ^a(w)) ' 
But, by .^A-measurability of $a, for j4 C A, = u;a<: implies <I>a(i^) = ^'a('^')) ^-'^'^ thus 

exp(-EAnAV0 ^A(t^O) ^ g-E^nAV0(*^(^')-*^H) = g" J^AnA^0('fA{'^')-'fAH), 
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The ratio of the partition functions is also the same for such iv 's and uj' 's and eventually 
(j3.29p holds. This implies Item 2. of the lemma: For all A C A' E 5, for all r, a; G fi, 



and thus (j3.27p holds with 



ffA,A'(TA'\A) = / 'i-Ai'TA'^A"') ■ fA'{TA'^A"=)dTA 

yielding consistency 

7A'7A(^k) = / 1a(t-A"^A"=) • /A'('rA'^A'Of^^A)c?TA'\A 

lA(TA'WA'0/A'('^A"^A'Ot^'^A' = 7A'(^I^)- 

The relationships between potentials and Gibbs specifications is not one-to-one: local 
changes in the potentials can be made without affecting the kernels 7^*, yielding equivalent 



descriptions of measures. This leads to the concept of physical equivalencqj. 

Definition 3.31 (Physical equivalence) Two potentials ^ and are physically equiva- 
lent if the Gibbs kernels 7^* and 7^* are the same for all A S 5. 

Definition 3.32 (Gibbs measures) A probability measure fi G is said to be a Gibbs 

measure if there exists a UAG potential $ and /3 > such that G ^(7^*). We often say 
that n is a Gibbs measure for the UAG potential 



Examples of Gibbs measures and phase transitions: 
1. One-dimensional homogeneous Ising models 

(a) Ferromagnetic n.n.: We have already described in the previous chapter how er- 
godic Markov chains could be described as Gibbs measures for the homogeneous 
Ising model. The converse is also possible, and is indeed achieved in a general 
framework via the introduction of stochastic matrices defined in terms of the n.n. 
potential. The one-dimensional n.n. Ising model with coupling J > and external 
magnetic field h is described and analyzed in this way in [52] using a matricial 
formalism that leads in particular to the well known absence of phase transitions 
in one dimension. When h > 0, uniqueness is proved with a Gibbs measures //^ 
of positive magnetization, that converges weakly to the Dirac measure at the all 
+ configuration ((5_|_) when the temperature goes to zero, while opposite measures 
/u^ and 6- are reached when h < 0. In absence of magnetic field h = 0, the unique 
Gibbs measure is the neutral convex combination = i/x^ + i/x^, which weakly 
converges to the convex combination ^6~^ + , exhibiting a so called asymptotic 
loss of tail-triviality responsible of the phase transition observed in dimension 2. 

^Other equivalence classes and spaces of potentials exist, see [361 163]. In particular, to get the following 
equivalence it is crucial to focus on UAC potentials. 
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Anti-ferromagnetic n.n.: The same matricial formalism is also used to deal with 
the anti-ferromagnetic case J < 0. At high magnetic field \h\ > 2, the +-phase is 
the unique one and weakly converges, when the temperature goes to zero, to 5^ 
and the opposite situation occurs when \h\ < 2. The boundary case = 2 also 
leads to uniqueness, leading to a unique phase fj,F described in terms of Fibonacci's 
numbers reflecting an highly non-trivial phenomenon: As claimed in [52j, in spite 
of the existence of infinitely many ground stated there is no asymptotic loss of 
tail triviality. This loss occurs when the magnetic field is lower, \h\ < 2, where 
one gets as a unique Gibbs measure a convex combination /i = -|- i^u^ of two 
symmetric measures whose typical configurations have either mostly pluses on a the 
(say) odd sublattice and mostly minuses on the even one. When the temperature 
goes to zero, fi weakly converges to a similar Dirac measures ^(5± + see again 
a detailed analysis in |52j . 

Long-range one dimensional Ising models: The potential has already been intro- 
duced in the beginning of this section. When the polynomial decay r = 1, it is not 
UAC, but a formalism that corresponds to so-called Coulomb interactions can be 
developed within the weaker notion of uniform convergence, see |110j and also the 
previous chapter. For r > 1, this has been studied by e.g. [32t llllj and it leads in 
particular to phase transitions in one dimension when 1 < r < 2. Phase transition 
also occurs in the case r = 2, yielding a particular decay of correlations known as 
a Thouless effect, see [49] , 

2. 3d Ising models: We shall be laconic to describe this very important example of 
mathematical statistical mechanics: Theorem 12.261 is not valid in dimension d>3 and 
they do exist non-translation-invariant extreme Gibbs measures. This has been achieved 
by Dobrushin in [28j , with a shorter proof in ^2] , and these non-translation- invariant so- 
called Dobrushin states are related to the stability of an interface between a +-like 
phase and a — like one, and to each interface corresponds an extremal Gibbs measure, 
in addition to the usual -|— and — phases. This example is very relevant for comparing 
the notions of ergodic and extremal Gibbs measures discussed at the end of the previous 
chapter. 

3. Ising models on Cayley trees: This example is also very interesting from the ergodic 
vs. extreme point of view and there also exists an (uncountable) infinite number of 
extremal Gibbs measures at low temperature, and depending on the temperature there 
could exist two or three translation-invariant ones, see all the work done in [8l l56l[6T|ll04j 
and a whole chapter in [52 ]. 

4. Kac-models: A careful adaptation of the Peierls argument allows to establish the 
occurrence of a phase transition for this model at low temperature and long enough 
range, see \12\ [18] in dimension d > 2. 

Theorem 3.33 For d > 2, for any P > 1, there exists 7 = j{P) such that for all 
7 < 7(/?), there exists at least two distinct DLR measures fi~ 7^ 

Now that our central objects are properly defined, we can prove a previous claim providing 
Gibbs measures as the main example of quasilocal measures. It is the easiest part of the link 
between these two notions, a partial converse statement will be established next Section. 

^These are minimizers of the Hamiltonian, useful to describe the phases at zero temperature and by extension 
to low temperatures within the Pirogov-Sinai theory, see [103] . 
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Theorem 3.34 Let /? > and ^ be a UAC potential. Then the Gibbs specification 7^* is 
quasilocal. Thus, any Gibbs measure is also quasilocal. 



Proof: If $ be UAC potential it implies in particular that: 

sup |4>a(cj)| < +00 (3.35) 

which in turns implies that for all A G 5, is a quasilocal function. Indeed, if 5 9 A' D A 
and consider two configurations a and uj such that o"a' = ^A' , we have 

|Hf(a;)-H|(a)| <2 ^ sup |cl>^(a;)| 

Ae5,AnA^0,AnA":^0 "^^^ 

and the latter converges to zero as a consequence of (|3.35p . Thus, one gets the quasilocality 
of the Hamiltonians: 

lim sup |HfH-Hf(a)|= 0. 

A T<-' a,ujGU,o-f^i=uJ/^/ 

Quasilocality of Gibbs specifications follows. 



Remark 3.36 (Uniform convergence and quasilocality) Requiring for a potential to be 
uniformly absolutely convergent is actually too strong a requirement for merely proving the 
quasilocality of the Gibbs specification. Uniform convergence is actually enough to prove the 
quasilocality of the Hamiltonian. In such case, one has 



sup 



|HX(c^) -H|(ct)| < 2 sup 



AG5,AnA7^0,AnA"=7^0 



and 



lim sup 



AG5,AnA7^0,AnA":7^0 



means the uniform convergence of this potential. Thus, when the potential is uniformly 
convergent, the Hamiltonian is a well-defined quasilocal function and so is the specification. 



Remark 3.37 (Non-Gibbsianness and essential discontinuity) Let ;U be a Gibbs mea- 
sure: By theorem 13.341 there exists a quasilocal specification 7 s.t. € ^(7) and 

VA G ^, fi[A I ^A=](-) = E^[l^ I J^Ac]{.) = 7a(A I •) /x-a.s. 

so that there exists always one continuous version, as a function of the boundary condition 
Lu, of the conditional probabilities of /x with respect to the cr-algebra generated by the outside 
of finite sets. This will be used in Chapter 5 to detect non-Gibbsianness by proving the 
existence of special configurations that are point of essential discontinuities, for which there 
exists conditional expectations of local functions that have no continuous version. 



A Gibbs specification is quasilocal but the converse is not true in general. However, most 
of the quasilocal specifications are Gibbsian, and we make this now. 
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3.2.3 Gibbs representation theorem 

In this section, we want to characterize a Gibbs measure at the level of specifications: Let /i be 
a DLR measure, i.e. such that there is a specification 7 with /j, G ^(7). To characterize /i as a 
Gibbs measure, one should manage to express the weights of configurations in an exponential 
form and in some sense every configuration should receive a non-zero weight. One says that 
the specification has to be non-null in the following sense: 



Definition 3.38 (Uniform non-nullness) A specification 7 is said to be uniformly non-null 

iffy A € 5, 3 OA, /3a with Q < a\ < I3\ < 00 s.t. 

< aA • p{A) < 7a(^ \io) < /3a p(^), Vu; G e J^. (3.39) 



If 7 is quasilocal, non-nullness, in the sense that p{A) > =^ 7a(^ I > Oi foi^ 
u; € fi, is equivalent to uniform non-nullness [52]. It is also-called the finite energy condition 
in percolation circles. A measure /i is then said to be (uniformly) non-null if there exists a 
(uniformly) non-null specification 7 such that /x G ^(7). 



We are now ready to give a partial converse statement of Theorem 13.341 For the purpose 
of this theorem, the inverse temperature (3 has been incorporated in the potential. 

Tlieorem 3.40 (Gibbs representation theorem |7H, 143] ) Let ^ be a quasilocal and uni- 
formly non-null probability measure on {0,,J^). Then ji is a Gibbs measure, i.e. there exists a 
UAC potential ^ such that /i G ^(7*). 

Proof: Let /i non-null and quasilocal: There exists a quasilocal specification 7 such that 
p G Q{l) and (j3.39p holds, and let us try to guess which necessary property a potential should 
have such for 7 = 7^* to hold, by considering such a Gibbs specification 7 first. Among all the 
physically equivalent potentials that define this specification, let us also assume for the moment 
that a vacuum potential <!>"'" exists, with a vacuum state denoted by -|-. The vacuum property 
and its link with free boundary conditions will be very useful to relate the specification and 
the potential. Indeed, considering A G 5, then one obviously has Hff^{+\+) = by the 
vacuum property and thus 

so for any other configuration a G ^2 



7a(<7|+) = 7a(+I+) e" 



To exploit consistency via Lemma (j3.28p . we introduce the density /a(c) := 7a(o'[o"). Con- 
sistency implies that it satisfies the conditions of Lemma 13.281 and we shall use indifferently 
both expressions, in terms of / or in term^ of 7. Then, by non-nullness and the defining 
equation (I3.25p . 



ik{cy\+) i„ /a(+) 



Hl^{a\+) = - In ' ; = In 



7a(+|+) /a(o-a+A'= 



*The formulation in terms of the density /a is handy to use consistency via Lemma [3.28l while the expression 
in terms of 7 is more famihar. Fernandez (4^ has introduced densities for specifications and has expressed 



Lemma [3.281 in terms of 7 directly. 
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It then possible to derive a vacuum potential from this Hamiltonian, mainly because condi- 
tioning prescribing a vacuum boundary condition is equivalent to consider the Hamiltonian 
with free boundary condition, for which the use of an inversion formula from Moebius is direct. 
Indeed, the vacuum condition yields 

Hf{a\+)=Y^<^+{aA+Ac) = Y^^+{a)+ Yl '^H+a+m) (3.41) 

AnAf^0 AcA AnA^0,AnA=7^0 

where the last sum is null by the vacuum property. Thus 

VA eS,We n, Ht\a I +) = Hl^^f{a) := J] <f\{a)). 

AcA 

In particular one gets directly the single-site potentials: 

Vi G S,W G n, (a) = Hly^ia) = -In^^^^. (3.42) 

To get an insight of the mechanism of the Moebius inversion formula, which will enables 
us to rewrite from 7, let us use ()3.4ip to derive the potential for finite regions consisting 
of two and three sites, for a fixed a that we forget in the notation. For A = {i,j}, write 

so, using the single-site expression (j3.42p . one gets for all a € 17 



+ ) + 7{i}( + l + )' 

For A = {i, J, A;}, write similarly, thanks to the vacuum condition, 

+ ^{i,k} ^{k} +^{j,fc} ^{j} ^{k} 

0-*+./ 0-*+./ ff-f+J , 0-*+./ , 0-*+-/ I , cF,+ 



and thus 



Proceeding by induction, one could reconstruct the potential in this way. It is actually formally 
proved using the following formula, proved in this way e.g. in 



Proposition 3.43 (Moebius "inclusion-exclusion" inversion formula) Let S he a count- 
able set of finite sets and H = {HA)AeS o,f^d ^ = {^a)acS be set functions from S to M. Then 

yAeS,HA=J2^A^yAeS,^A=Yl (-1)'^^'''^b- (3-44) 

AcA BcA 
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We use it and propose then the 

Definition 3.45 A vacuum potential for a given specification 7 is the potential defined for 
4 



all a e^l by = and 



Lemma 3.47 (Convergence and consistency of the vacuum potential) Let 7 be any 

quasilocal and non-null specification. Then = {^\)AeS defined by Iji3.46\ ) is a vacuum 
potential with vacuum state + € for any reference configuration + € 1^. It is moreover 
convergent and its corresponding Gibbs specification 7* coincides with 7. 

It is obviously a potential. We consider any reference configuration + € $7 and prove first 
that satisfies the vacuum condition. It will be crucial to get consistency. Consider A € !F 
and (7 G Q such that there exists i £ A where ai = +i. One has 

^\(-) = - E (-1)'^^^' 1- = E (-i)i^\^i<'^(-). 

BCA lB( + \+} 

where by the Moebius formula, one has for all B £ S, 



lB[ + \ + ) JA[Ba+Ac) 

Using Equation (|3.29p . one first gets 

yieBcA, Hf^f{a) = Hl\f{a). (3.49) 
Indeed, by consistency property of the specification, one can rewrites 

/b(+) ^ fB{+B\^+i) ^ fBvi+) 
fB{(^B+B'=) fB{(^B\i+i) fB\i{(^B\i+i)) 

to eventually get (j3.49p . Now define for any site i € S a partition of 5 by 5 = SA,i U 5^ ■ 
with Sa,! = {V £ S,V C A,V 3 i}. An obvious bijection from SA,i to iS^ ^ links B £ SA,i to 
B\i € 5^ j, so one gets 

BgSaa B&S", , 



B&SA,i 

= Yl (-l)'^^'"[^i?'J>+(t^)-^BV^+(^)' 

BeSA,^ 
= 

and is indeed a vacuum potential associated to the specification 7. This potential need not 
be convergent or consistent with 7 in general, and we verify it now in this non-null quasilocal 
case, that is we first need to prove that we can always define 

Vcr, 6<J G $7, Hf^{a\u;) = ^ <I>J^(crA'^A'=) 
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i.e. to extend the definition of the Hamiltonian with free b.c. (j3.48p to an Hamiltonian with 
any u; G as a boundary condition. It amounts to proving the convergence of the potential, 
i.e. that for all cr € fi, 



in the sense that the limit as A | 5 of the net ( ^AnA^$ AcA.^a('^)] finite. Recall 

that we have already been able to define the Hamiltonian with free b.c. as 

/a(+) 



To prove now that it is a convergent potential using the quasilocality of the function 

uj I — > /a(c"A'^a<=)! we re- write 

Yj ^^(^) = Yl "^^(^^ " Yj 

AnA^e.AcA AcA AcAnA': 

Using twice Moebius inversion formula (j3.44p . one obtains 

j:M-)=ln-A(±) and ^ -^^(a) = In ^^^^^ 

JAIO-A+A^j ^cAnA'^ /AnA4f^AnA'=+A'=uAj 

By consistency (Lemma I3.28p . we get In /^(o-^"(^^l"^^^euA) second term, because, on 

A n A*^, the two involved configurations coincide and eventually 

, ^ 1 /A(o-AnA<:+A':uA) 
AnA^0,AcA < ^ J 

and using again Lemma (|3.28p . with the sets (An A, A), and the configurations (o"AnA=+A=uA) o"a+a= 
which agree outside A fl A, we get 

y c|>^(a) = ln ^^^f^^^^^^+^;^^^ 
AoaJ^AcA /AnA(^A+AO 

Let A I S in the sense defined. For A D A, one gets 

v;^ , . /a(+ACTa\A+aO 

AnAjt4cA /a(^A+aO 

Thus quasilocality implies that the potential $ is convergent and that 

w 17*+/ \ 'S:^ ^ / ^ 1 7a(o-Ic7) /a(+ao-a=) ^ , 
ya£n,H^{a)= 2^ $^(ct) = -In— — — = In — - — < +oo. 

Hence, every quasilocal and non-null specification 7 is consistent with the convergent vacuum 
potential 'I'"'" whose the Hamiltonian with boundary condition a; € 1^ is defined for all a G 

w ^ n u^+t I ^ 1 7a(o-|u;) /a(+AWaO ^ , ri Kn\ 

VLu e il, Hk (cy\oj) = — m — ; — -— = In — < +00. (3.50) 

7A(+a;) Ja(o-AWac) 
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This proves Lemma 13.471 Any quasilocal and non-null specification is consistent with a con- 
vergent potential. 



Unfortunately, this vacuum potential is not UAC in the sense of (j3.16p . To gain summa- 
bility and absoluteness, Kozlov [7l] introduced a particular re-summation procedure by tele- 
scoping the terms of the Hamiltonian with free boundary conditions in large enough annuli to 
recover absoluteness, but carefully keeping consistency, to eventually get a potential "if such 
that, for all (T S 



In 



AcA 



AcA 



/a(+) 

/(CTA+A' 



with the extra summability property 



Vi E S, sup 



< +00. 



(3.51) 



(3.52) 



and 



We shall describe it formally following the pedagogical exposition of Fernandez 
describe a bit more explicitly the telescoping at the end of this proof. 

In our settings with a finite single-spin state space, non-nuUness and quasilocality can be 

reduced to site-characterizations that are very useful to get the stronger summability 
around sites (|3.52p . Introduce, for any site i G S and any cube A^, the quantities 



rui := inf /{j}(w) = inf 7{i}(a;|w) 



and 



gi{n) = sup |/{i}(cJA„+A. ) - f{i}{uj)\ 
By non-nullness, one has mj > for alH G S" and quasilocality reads 

Vi G S, gi{n) — > 0. 

n— >oo 

Starting from the expression of the Hamiltonians in terms of the vacuum potential, which 
itself is expressed as the logarithm of ratios of densities, Kozlov used the inequality 



In 



<^^, Va,6>0 



min(a, b) ' 



to get that for all i G 5 



and in particular that 



sup I «>+((j) 

AcA„,A9i 



< 



9i{n) 



nii 



sup I Yl ^^(^)- E ^^(^) 

^ AcAn,A5i AcA„_i,A9i 



< 



9i{n) + gi{n - 1) 



(3.53) 



(3.54) 



Kozlov used then these bounds to reduce the lack of absolute convergence by grouping 
terms of the vacuum potential within intermediate annuli chosen large enough to exploit 
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quasilocality. To do so, the telescoping has to integrate larger boxes, i.e. along subsequences 
of cubes A„i^ , A; > 1 in (|3.54p chosen such that for any i € 5, 

^9i{nl) < oo 

which is always possible because for any i G 5, the sequence {gi{n))_^^^ converges to zero. 

For any i G 5, we consider then the subsequence of cubes A^i , centered in i, of radius 
such that the annuli A i \ A i is thus large enough, as we shall see. This size will allow 

k k — 1 

the use of the bounds (j3.53p for any i € S and to get the right summability properties, the 
telescoping is done by following the bonds along these cubes, adding at each steps the terms 
of the vacuum potential that correspond to bonds of the annulus, and that were not in the 
previous cubes. Define then, for any i € S, any k > 1 

Si = {BcAl^^■.B^^}\Si_, 
with Sq = {i}, and introduce the potential^ ^ defined by 



^a(o") = J^BeSk if ^ = Kik k>l, some i £ S. 

otherwise. 



By (|3.53p . one has 

sup I §a(ct) I = sup ^B(f^)- Yl ^ 



B3i,B<Z\ i B3i,BcA i 

"k "fe-i 



mi 



in such a way that one has the right summability property at the site i: 

2 

^ sup I ^-^4 (a) I < — ■Y,9^i4) <+oo. 

ABi ^ ""^ fc>l 

Nevertheless, we need to do the telescoping more carefully to keep the consistency, in 
general lost in the procedure above: For a given B £ S, the same vacuum interaction 
could have been used more than once. To avoid it, one has to find a way of grouping terms of 
the vacuum interaction without using the terms already used, i.e. one has to run the sequence 
of cubes by using any finite set B of bonds only once. To do so, Fernandez |43] proposed the 
following presentation of Kozlov's potential, now denoted by ^. The sites of the lattice will 
be now lexicographically ordered and still generically denoted by i. For any site, one replaces 
the previous subsequence of cubes A^,^ by rectangles around it that do not incorporate i?'s (or 

i's) already considered. Hence, one defines for each i = 1,2, . . . , a sequence (i^)fe>i defined 
for all i. A; > 1 by 

Ll = {jeS:i<j<ri} 

where the diameters are chosen such that n|, = diam(L^.) = — i in order to keep the same 
large enough sequence of annuli. These groups of bonds will be the only one involved in the 



^This potential is not yet the Kozlov potential, so we write it Vl', because the resummation uses several 
times terms involving sites i. 
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potential and to perform a correct re-summation procedure, one defines for any site i G S, a 
family of disjoints subsets of S containing i by 5g = {i} and 

Sl = {BcLi:B3i}\Sl_, 

in such a way that B G ^]=i Ufc>i Sj and any B containing i is uniquely contained in one of 
them. By this procedure, any set of bonds B is considered only once and we get the Kozlov 
potential ^ defined by 

^a(o-) = Y^BeSl ^si^) if ^ = L{ for some (z, k),i e S,k >1 
^a(ct) = { ' (3.55) 

otherwise. 

yielding the following 

Lemma 3.56 The Kozlov's potential ^ defined by \3. 55|) is a UAC potential consistent with 
the non-null and quasilocal specification 7, and thus any quasilocal measure fi E Gil) is a 
Gibbs measure. 

Consistency holds because the careful procedure yields the same Hamiltonian with free 
boundary conditions for the vacuum and Kozlov potentials, and convergence is due to the 
choice of the subsequences n\: 

i i 2 

ViG5, Yl sup ^-aH < J^sup|l'^.^(^)| < < 00. 



AeS,A3i j=l k>l j=l " k>l 

This proves the lemma and the Gibbs representation theorem 13.401 

Remark 3.57 (Telescoping procedure) To get an idea of the type of telescoping that has 
to be done, we informally detail it starting from the expression (13.48P of the Hamiltonian with 
free boundary condition, in order to see how consistency is important to get it. It is also the 
way the procedure is done in an adaptation to generalized Gibbs measures in Chapter 5 to 
get weakly Gibbsian measures, see [971 |95l |96l [23] , and we also use a similar procedure in [77] 
to get a variational principle for translation-invariant quasilocal measures. 

Let us start from the Hamiltonian with free boundary condition for some A containing the 
origin and assume A to be a cube A„j of the subsequence already taken, and write for the 
annulus A„; \ A„;_j . One has by consistency and p.48p 

. /a„,(+) 

The idea now is to telescope this term by incorporating terms corresponding to so-called 
relative energies by flipping the spin in the annulus only 

XI /An; (+) /a„, (+A„;_i^L„;_i+A^,) 



Hi (a) = In 



/a„, (+A„j_^0-L„;_i+A^^) /An;(+A„;_2 0-L„^_2+A=^_^) 



Doing it for any k = 1 . . . Z, one gets 



r^+Jl /-^"i(+^".^^"fc+i+^n,^i) /An,(+A„,_^<TL„^+A^J 



i^r • Va) = > In ■ , 

^1 /A„,(+A„,_^CTi„^+A^J /An,(+An,_2'^L„,_,+A^,_^, 
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Now using consistency via our key lemma [3.281 one can replace the densities /a by densities 
corresponding to the proper annulus in order to get proper measurability conditions for the 
potential; To see this, one rewrites thus 

to eventually get a potential of the form ^l„^ = ^A„^. — ^A„^ ^ for which consistency holds 
together with the required convergence property. We shall use such a procedure, using the 
expression of (j3.28p in terms of 7 instead of / in Chapter 4. 

Remark 3.58 (Translation-invariance and Kozlov vs. Sullivans results) The proce- 
dure due to Kozlov to introduce its UAC potential does not yield a translation-invariant one, 
as explicitly seen in the site-dependent way of re-ordering terms of the Hamiltonian with 
free boundary condition. It is nevertheless possible to consider larger rectangles partitioning 
A similarly for all site considered but they have to be larger and require a condition a bit 
stronger than quasilocality. It is an open question whether this condition is technical or not, 
but Sullivan [114j has observed that the vacuum potential, in addition to be convergent and 
translation- invariant, is relatively uniformly convergent in the sense that the series 

^ |<I>+(a;) - <I>+(u;W+)| < +00 (3.59) 
ylnA7^0,Ae5 

are uniformly convergent in (a;, a;'), and also that this was enough to get quasilocality of 
the Gibbs specification. For the vacuum potential itself and uj' = +, this implies the usual 
uniform convergence of the vacuum potential. Reciprocally, any quasilocal specification has a 
relatively uniformly convergent potential and we shall see that it is also interesting to derive 
thermodynamical properties for these measures, although this convergence is too weak to get 
all the flavor of the Gibbsian theory (see again the discussion in [36] ) . 
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Chapter 4 

Equilibrium approach 



We present now an alternative approach to describe equilibrium states at infinite-volume that 
has a more physical flavor and which will eventually appear to be partially equivalent to the 
DLR construction presented above. Inspired by the second law of thermodynamics described 
at finite volume in the introduction of Chapter 3, this so-called equilibrium approach to Gibbs 
measures provides thermodynamic functions at infinite- volume and yields afterwards infinite- 
volume counterparts of the second law of thermodynamics in terms of zero relative entropy or 
in terms of minimization of free energy. This approach is restricted to a translation-invariant 
framework, mostly because it is mainly untractable otherwis^, and we shall characterize the 
translation-invariant equilibrium states of a given system in terms of variational principles, 
either specification-dependent or specification-independent depending on the choice made to 
characterize of the second law, as we shall see. We thus describe, in a rather general frame- 
work that will be useful for generalized Gibbs measures next chapter, how this approach is in 
some sense equivalent to the DLR approach restricted to translation-invariant measures, and 
describe the general proof given in [77] of the recent result that a (specification-dependent) 
variational principle holds for translation-invariant quasilocal specifications in general. 

In all this chapter, we also restrict the infinite-volume limit procedure by mostly consid- 
ering the limit A | 5 along sequences of cubes (A„)„gN, or at least sequences s.t. the ratio 
(surface boundary)/(volume) J^■ — > 0, within the so-called thermodynamic limit, although 
the latter is a bit more general [36[|63j . For this reason, we focus on the d-dimensional regular 
lattice S = 'L^, because this thermodynamic limit does not hold for cubes on tree^, which are 
the other lattices sometimes considered in these notes. We also incorporate the temperature 
in the potential when dealing with Gibbs specifications and measures, or equivalently here we 
assume (3=1. At the end of the chapter, we briefiy mention related large deviation properties 
for the considered measures and introduce thereafter another way to consider Gibbs measures 
as equilibrium states of the system, defining them as invariant measures of Markov processes 
on the configuration space, and illustrate this notion by the so-called stochastic Ising models, 
that will also be discussed in the generalized Gibbs framework in Chapter 5. 



^Except in a few situations when e.g. periodic boundary conditions are considered |91l 1107) . 
^The ratio (surface boundary) /(volume) do not vanish in the limit, see also [15] . 
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4.1 Thermodynamic properties 
4.1.1 Thermodynamic functions 

We have already introduced in Chapter 3 the relative entropy at finite volume A G 5 of /i 
relative to ly for two translation-invariant measures fJ-,v £ ^Al ■^^^{Q,), defined to be 



when the projection /^a of /i on (Oaj-^a) is absolutely continuous w.r.t. the projection of 
ly, and to be "HaC^I^^) = +oo otherwise. To avoid trivial divergences at infinite- volume, one 
considers quantities per unit of volume, writes for any n G N 

Kif^W) := MKJ-log^^. (4.2) 

and introduces the relative entropy density of /i relative to u to be the limit 

h^nlv) = lim hn{iJ-\i') (4-3) 

n^oo 

provided it exists. The limit is known to exist for any arbitrary fi € when v G 

-^i'inv(^) ^ Gibbs measure (for a UAC potential) and, more generally, if v is asymptotically 
decouplecil. We extend this result next section for general translation-invariant quasilocal 
measures in Theorem 14.331 whose proof follows ^77j. We also recall (see e.g. [6]) that for 
/i G A4^jjj^(J7), the entropy per unit of volume 

KifJ-) = -T^^Y t^icr A J log fi{a A J (4.4) 

has a well-defined limit 

h{ii) := - lim y-^ V /i(crA„) log ^(cjaJ (4.5) 

called the Kolmogorov- Sinai entropy of ^. 

For u G A4j'"jjjy(i7) and f £ T bounded, the pressure for / relative to u is defined as 

whenever this limit exists. This limit exists, for every quasilocal function /, if v is Gibbsian 
[361 152] or asymptotically decoupled [lOlj . 

When dealing with a translation-invariant potential $, the particular choice 



Abo ' ' 



These are measures introduced by Pfister [101] to state general large deviation principles, see next chapter. 
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and with the a priori product measure p as reference measure, it connects with the usual 
pressure in the case of a lattice gas and is more generally related with the free energy of a 
system obtained from a partition function with boundary condition lv or with free boundary 
condition. At finite volume A„ they are respectively defined to be 

When the limit exists, it captures many information of the particle systeir0 and for UAC 
potentials it turns out to be independent of the boundary condition: 

Theorem 4.7 (Pressure of a UAC potential [63j ) Let^ be a U.A.C. translation-invariant 
potential. Then, the limits 

lim InZf'f and lim InZ? iuj) (4.8) 

n^oo |A„| n^oo \An\ " 

exist, coincide for all uj £ and define the pressure of the potential 

P{<^) := lim P/Jcl>) = lim p-JcD) (4.9) 

exists and is thus independent of the boundary condition w E il. 

We recall briefly the philosophy of the proof of Israel |63j) because we extend it in this 
chapter to deal with the vacuum potential of a translation-invariant quasilocal measure, which 
is translation-invariant but not UAC, using its relative uniform convergence, introduced in Re- 
mark[3351 following Sullivan |114j . The proof focuses first on finite-range potentials and using 
the finiteness of the range, and thus the independence of spins from sites far enough, one in- 
troduces a partition of the volume A into cubes and corridors, the width of the latter being 
at least the range of the potential, to eventually get a factorization of the partition function 
up to some boundary terms that are negligible in the thermodynamic limiCl- This factoriza- 
tion leads to sub-additivity of the logarithm of the partition function, which in turns implies 
the existence of the pressure. This result is then extended to general UAC potentials using 
the density of the finite-range potential in the Banach space of translation-invariant UAC 
potentials [63] , and thereafter the strong UAC convergence to get the independence with the 
boundary condition. 

We also introduce the v-specific energy of a reference configuration + E il: 

e+ := - lim^logz.(+A) (4.10) 

ATZ<* |A| 

whenever it exists. We prove its existence for translation-invariant quasilocal measures in this 
chapter in order to get a general variational principle for translation-invariant quasilocal mea- 
sures. We emphasize the fact that it is not properly speaking the infinite- volume counterpart 
of the energies of Chapter 3. 



*This is probably the most important part of mathematical statistical mechanics that we do not develop in 
this course, see again .36. ,63. 52j. 

^This is the reason why this restriction on the ratio (surface boundary)/(volume) is made in this approach. 
®For a vacuum potential with vacuum state +, and a quasilocal specification, it even coincides with the 



pressure, see the proof of of Lemma [4.341 
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4.1.2 Variational principles 

To translate into a proper mathematical framework the second law of thermodynamics in 
the vein of the finite-volume description given in Chapter 3, we distinguish between ther- 
modynamical (specification-independent) and statistical mechanical (specification-dependent) 
variational principles. 

Definition 4.11 (Thermodynamic variational principle) u e M-i^^-^{^) is said to sat- 
isfy a (thermodynamical) variational principle if the relative entropy h{fi\i/) and the pressure 
p{f\i^) exist for all jj, £ and all f € ^qioc; o-nd are conjugate convex functions in 

the sense that 

V/ € ^qioc, p{fW) = sup L(/) - h{f,\u)\ . (4.12) 

M6-Mti„v(f^) 

yfieMl,^^{n), h{fi\u) = sup [fi{f)-p{f\u)\. (4.13) 

f qloc 

This is the infinite- volume counterpart of the formulation of the second law of thermody- 
namics in terms of the minimization of free energy, which coincides with the pressure here. 
Gibbs measures satisfy this specification-independent principle and Pfister [lOlj has extended 
its validity to the larger class of asymptotically decoupled measures, described next chapter 
within the generalized Gibbsian framework. These conjugate convex functions are also very 
important to study large deviation properties of DLR measures. We do not focus much on this 
type of variational principle in these lectures, and prefer focusing on the other formulation of 
the second law of thermodynamics, in terms of zero relative entropy. 



Definition 4.14 (Variational principle relative to a specification) Consider a specifi- 
cation 7 and u € Qimil)- A variational principle occurs for (1^,7) iff 

G Mt^^^i^), h{^l\v) = ^ ^ G ^inv(7) ■ (4.15) 

Hence, this property has to be related to the formulation of the second law of thermody- 
namics in terms of zero relative entropy, which at finite volume implies equality of measures, 
as explained in the beginning of Chapter 3. At infinite- volume nevertheless, two different mea- 
sures could have zero relative entropy, but when the reference measure has some nice locality 
propertied, the other measure, although possibly different, should share the same system of 
conditional probabilities, identifying the corresponding measures as equilibrium states of the 
system. This result is well known for Gibbs measures consistent with a translation-invariant 
UAC potential [52] and has thus been extended recently to translation-invariant quasilocal 
DLR measures [77] . We describe now this result under a more general form that will be useful 
for its extension to non-Gibbsian and non-quasilocal measures in Chapter 5. 



4.2 Topological criterion for variational principles 

In this section, we consider specifications in the general framework of Chapter 2, non neces- 
sarily Gibbsian or quasilocal, and use some specific concentration properties on some points 

^Like e.g. being Gibbs. To get a counterexample, i.e. two measures having zero relative entropy without 
having much in common, consider the voter model in dimension d = 3, with its Dirac invariant measure as a 
reference measure. 
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of (sometimes partial) continuity of the specification. We introduce different sets of points of 
continuity. First, the set of good configurations of j is the set of points of continuity, i.e. 

= ] w G : VA G 5, V/ G J^loc, lim sup |7a/(u;a„c7a^) - 7a/(u;)| = i. (4.16) 

We also consider points of continuity in some specific direction, say + G fi. Introduce, for 
all n G N, the truncated kernels 7a'~'' defined for all / G J-\oc and all A G by 

v.. G n, ^I'^fiu;) = 7A/(t^A„ +k)- (4.17) 
The set of point^ that are continuous in the +-direction is then defined to be 



7 



ju; G n : VA G 5, V/ G ^loc, hm 7a'^/('^) = 7A/(t^)|. (4.18) 



For presumabljl^ technical reasons due to some telescoping procedure, we introduce also 
the set of configurations a for which there is continuity at some particular concatenated con- 
figuration G defined for all cj G 1^ by 

af = ai if i> 0, and o"j = otherwise. (4.19) 

We denote this set by 



"7 



jcr G J7 : cr+ G O^}. (4.20) 



Due to the definition of these sets by a limiting procedure, involved in any continuity- type 
property, one can prove that these sets are tail-measurable and such that 

O^Cl^+Cl^<°G.Foo. 

4.2.1 Second part of the variational principle: General criterion 

Getting consistency from zero relative entropy is seen as the " easiest part" , usually called the 
second part. The result and its proof are standard, but we give a slightly more general version 
of both, that will be useful also for non-quasilocal measures in Chapter 5. What is actually 
really needed is some weaker continuity in the +-direction for some reference configuration 
+ G r2, as we see now. 



Theorem 4.21 \4B ] Let ^ be a specification that is quasilocal in the direction + G and 
u G ^inv(7)- If fJ- ^ A4^{^) is such that h{^\i') = 0, then 



/X G g(7) ^ 

for a// A G 5 and f G J-ioc, where gA„\A •= ^^^"^^ provided it exists. 



(4.22) 



^Remark that a function can be continuous in any direction + without being continuous, see [46) 
^See the telescoping procedure next section and a discussion in Chapter 5. 
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Thus, to get information about consistency from zero relative entropy requires that the 
concentration properties of the density of /^a„\a w.r.t z^a„\a to beat asymptotic divergence 
due to the lack of continuity of 7. When 7 is quasilocal, this lack of continuity never exists 
(fi^ = 0,) and is thus always beaten, yielding the standard proof of the second part of the 
variational principle for translation-invariant quasilocal specifications. 



Proof of Theorem 14.211 

It comes from |451 H6] and is an adaptation of the standard proof \52\ llOlj in the quasilocal 
case, where the criterion (I4.22P is trivially valid. 

When h{fj,\i') = holds, the latter relative entropy is in particular well-defined and as a 
consequence, for n sufficiently large, the .Fa„ -measurable density := d^xj^^J dv\^ exists. 
Fix / E ^loc, A G 5 and pick n big enough to get both A„ D A and the existence of g\^. To 
prove that ^ € ^(7), we prove that /U7a[/] = /^[/], and approximate first 7 by the truncated 
kernel (|4.17p . writing 

where An = ^[7a/ — 7a'^/] *° ^^'^o when n goes to infinity by continuity in the -|— 

direction. Now we can use consistency, the .7-"yY^\A-™6asurability of the truncated kernel 7^''''[/] 
and the .^A-measurability of any density (/a to rewrite 



^^lK^[f] = /^K'^/] = ^[9A„\A ■ 7a "^Z] = Z^[9A„\A • 7a/] + -Br, 



where 



Br, 



9An\A ■ ilA^f - 7a/) 



is controlled by the criterion (j4.22p . Now, by J^A'j-measurability of 5a„\a and consistency of 
v, one rewrites 

^[9a„\A ■ 7a/] = 7a(5'A„\A • /) = 9a„\a ■ f 
which has to be compared with 

l^if] = ^[9A„ ■ f] = ^[9A„\A ■ f]+Cn 

with 



Cn = 



i9A„\A - 9A„) ■ f 



We can evaluate C„ using the following in equality due to Csiszar [20 



\Cn\ 



(5A„ - 5a,Aa) / 



< 2 • sup • {HA,Sf^\u) - FA,„\A(/^k: 



1/2 



and use that the hypothesis of zero relative entropy implies that finite- volume relative entropy 
cannot grow faster that the volume, and thus that the same is true for densities. Thus one 
has ^7a[/] = l-i-if] if and only if Bn — 0, which proves the lemma. 

n— >oo 

This criterion is a way to express that getting zero relative entropy is meaningful only 
when the measures share some locality properties. Without properties of that type, things 
could be different, as shown by an example of |117j . This criterion has been upgraded in [41] 
via the following theorem, that will is also useful for the generalized Gibbs measures. 
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Theorem 4.23 JJl^ Let fi e Qij) and v G M'];{Vt) such that h{fi\u) = 0. //, for all cr G il, 
for u-a.e. uj, 

/"(0"AkA„\A) ' 7a(0"|w) 

then V e ^(7). 



4.2.2 First part of the variational principle: General criterion 

In the usual theory of Gibbs measures, this part of the variational principle, i.e getting zero 
relative entropy from consistency, is known when the latter holds with a translation-invariant 
specification defined via a translation-invariant UAC potential, and goes via existence and 
boundary condition independence of pressure (see [52]). Since for a general translation- 
invariant quasilocal specification 7 we cannot rely on the existence of such a translation- 
invariant potential, we shall use the weaker property of relative uniform convergence of the 
(translation-invariant) vacuum potential which can be associated to the quasilocal 7, as dis- 
cussed in Remark 13. 58| is enough to obtain zero relative entropy. This result is a consequence 
of more general results on generalized Gibbs measures developed in [77J that will be useful in 
the next chapter. 



We consider a translation-invariant specification 7 and a probability measure v G ^inv(7)- 



Theorem 4.24 {T^/ If p. ^ M^:^^^{Vl) is such that fJ-{^^^) = 1 and e+ exists, then 

1. h{ix\u) exists and is given by 

h{t,\i.) = -h{ii) + et- [ log l^^^l|^^,{da). (4.25) 

2. If moreover fi Qi^^{^) exists, then 

/i(/x|i/) = hm ^log4^- (4.26) 

ATZ'' |A| z^(+a) 

To prove this theorem, we establish a more general lemma that will help to restore the 
thermodynamic properties of generalized Gibbs in Chapter 5. It topologically captures what 
is needed for a specification to get zero relative entropy of its DLR measures. The full proof 
is given in [77] . 

Lemma 4.27 ;77/ // /i(n<°) = 1, then 
1. Uniformly in uj ^Vt, 

■ " K\ Jn 7A„(+|^) Jn 7o(+k+) 



n— >oo 



2. For V € Qin), 



A„ }^ +A„ 7f7 7o(+k+ 



In "particular, the limit depends only on the pair (7,^). 
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Proof : 

1. The proof relies on the uniform convergence of the translation- invariant vacuum poten- 
tial with vacuum state -|- established by Sullivan and described in Remark 13.581 using 
a particular case of the telescoping procedure described in Remark 13.571 We assumed 
there quasilocality of the specification but it is not difficult to extend its validity when 
only almost-sure continuity in the -|- direction holds, which is in particular implied by 
the condition /.(^^f) = 1- This latter condition is not optimaB and comes from the 
telescoping procedure used here, but we do not know if it is technical or not, and in 
particular if it can be relaxed to a general almost-sure quasilocality property, a very 
important property in the context of generalized Gibbs measures. Following Sullivan 
|113j . we define, for all cj € 



Dia) = El {a\a) = log^^^^- (4.28) 



and consider an approximation of at finite volume A £ S with boundary condition 
CO by defining the telescoping configuration at i € 5 Tj^[i, cr, +], defined for all j £ S by: 

{Ljj if j G A'^ 
aj if i < i, i G A 
+1 if j > i, j e A. 

To perform the telescoping, denote A<j = {j G A : j < i}, A<j = A<i \ {i}, A>j = 
A \ A<j and let A = {ii, . . . ijy} denote an enumeration of A in lexicographic order. By 
consistency and Lemma 13.281 

lAi'^l^) ^ TT 7a(^A<., +A>., I^) ^ -pr 1^,{<^^,WA<., +A>.,. ^aQ 

7A(+|a;) 7a((ta<,^_^ +^>^k-l l'^) H ^ik{+^MA<^, +a>,, '^aO ' 

Taking the logarithm yields for A = A„ 

/ log ^^^^ /^(d^) = E / D{r^,njhria,+])fi{da). 
Jn 7A„(+|'^) iiA^/f^ 

in such a way that proving Item 1. amounts to prove that, uniformly in uj, the r.h.s 
divided by the volume converges to D{a'^) ii{da). This is obtained in [77] by carefully 
counting the points of the set A^ where this telescoping configuration and differ, see 
that \An\ = o(|A„|), to get, due to the continuity of D at the configuration cj"'', that for 
all e > 0, 



n I 



-^1 E [D{T.,nji,T^a,+])-D{a+] < e + 2sup • |^ 

iGA„ 

which is less than 2e for n big enough. So we obtain that 



1 



«eA„ 



[D{T^,n^[i,T^a,+])-D{a+)\ 



converges to zero on the set of il^*^ of full /^-measure, uniformly in uj, which implies 
statement 1 of the lemma by dominated convergence. 



^°It is indeed extended in [77l. 
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2. By consistency z/ S ^(7), one rewrites for all u G 

J^(o-A„) = / 7A„(cT|u;)i/(ciu;) 

so that 

We use now the obvious bound 

inf ^ Jn7Ajtj|a;)t/(t^aj) ^ 7A„(ct|^) 

'^ef^TA^l+k) ~ ^7A„(+|u;)z^(du;) " c^en 7A„(+|w) ' 

to get for e > given that there exists oj = uj{n, a, e), ui' = uj'{n, cr, e) such that 

7A„(o-|w(n,o-,e)) 



/ inflog^^44M'i-)> / log^, , , 
J^<^&n 7A„(+|'^) Jo. 7A„(+|a;(n,cr,e)) 

/supiog^;^^M(ci-)< /log 

JviLo&n 7A„(+|w) 7n 



and 

- 7A„(f^|w) / [ 7A„(o-|u;^(n,o-,e)) ^ ^ 

7A„(+|w'(ra,cr,e)) 



Now use the first item of the lemma and choose N such that for all n > A^, 

1 /■ i„„ 7A„(o-|a;) 



sup 

to get, for n > N, 



\A. 



Jn 7A„(+k) Jn 



n\ Jn 



< e 



[ D{a^)ii{dcj) - 2e < Fa„(^|z/) < ! D{a+)^l{do) + 2e 
Jo. J ft 

and eventually prove the lemma. 
Proof of Theorem I4.24t 

1. By a short computation at finite volume, rewrite 

K{f,W) = -hM - E ^(^Ajlog^^^ - -^logK+Aj. (4.30) 

lAnI ^^^^^^ K+aJ lAnI 

When fi(Q!^^) = 1 holds, the asymptotic behavior of the second term of the r.h.s. is 
given by Lemma 14.271 and under the existence of one gets ()4.25p . 

2. For G Ginvil) such that = 1, rewrite now : 

hn{,W) = T^,( E M-Ajlog^- M-AJl0g^+l0g4±^). 



By Lemma |4.27|, in the limit n 00, the first two terms of the r.h.s. are functions of 
(7, fi) rather than functions oi v,^ ^ Qm-v{l) and cancel out. Hence, the relative entropy 
exists if and only if the fourth term converges. Using Item 1 (existence of relative 
entropy) , we obtain the existence of the limit in (j4.26p and the equality 

MH-)= lim ^log^J^ 
and in particular the r.h.s is a well-defined limit. 



64 



CHAPTER 4. EQUILIBRIUM APPROACH 



4.2.3 Application: VP for translation-invariant quasilocal measures 
Theorem 4.31 ^77 J Any fi E ^Af■^^^{i^) quasilocal satisfies the variational principle ( |^.i5| j. 



Proof: When 7 is quasilocal, one has = Q and the second part is a direct consequence of 
Theorem 14. 2 H because the convergence required is true by any convergence theorem (uniform 
or dominated). We recover thus the usual standard proof of 

Theorem 4.32 (2nd part of the VP for quasilocal measures) Let j be a translation- 
invariant quasilocal specification and v G Qimici)- Then for any fi G 

h{fi\i^) = =^ /i G ^inv(7)- 



Thus, the result of [77], that extends the variational principle from translation-invariant 
Gihhs measures with a translation-invariant U AC potential to translation-invariant quasilocal 
measures^ for which the UAC potential derived from Kozlov (and described in the previous 
chapter) is not necessarily UAC, relies on the following 

Theorem 4.33 (1st part of the VP for quasilocal measures) Let ^ be a translation- 
invariant quasilocal specification, v G ^inv(7) o,nd /x G hA\-^^^(^). Then h(^\j\v) exists for 
all fi G M^^j^-^{^) and 



Proof: We need the following lemma to use Theorem 14.241 



Lemma 4.34 For G Q\nv{l) with 7 t.i. and quasilocal, e^,e^ exist and 

hm — — log — = 0. 

n->oo A„ i^(+A„) 



Proof: It is a direct consequence of the uniform convergence of the vacuum potential 
that we now associate with 7 for the reference configuration +, keeping the notation of 
Chapter 3. It is a consequence of another lemma from [77], which is an adaptation of the 
argument used by Israel [63] to prove existence and boundary condition independence of the 
pressure for a UAC potential. 



Lemma 4.35 The vacuum potential with vacuum state + associated with the quasilocal spec- 
ification 7 is such that: 



1. 



lim sup 



|A„| 



Ht! {a\v) - nrjcjlu;) 



(4.36) 



2. 



lim sup -j— - 

n^oo ^^ri |A„ 



1 . 



(4.37) 
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Proof: Clearly, (|i36|) implies (fOT]) : For all n G N, 



exp I - sup Hf^{a\r]) - Hf^{a\uj) } < sup ^^^TT - I ^A^('^I^) " ^tli^l^) }■ 



Now one proves (|4.36|) by rewriting 



Ht:{a\v)-Ht:{a\u;)= 

AnA„^0,AnA^^0 

which goes uniformly to zero by relative uniform convergence, see [77] for details 



To derive Lemma 14.341 from Lemma 14.35^ we only have to prove that for all u £ Qinvij), 
e+ exists and is independent of 7. For such a measure u, write, using Lemma [4.351 



-v{dri) 



-^A 



-v{dri) 



in Za,Sv) Jn 

where oa = ^a nieans limA ^ | log | = 0. Since is the vacuum potential with vacuum 
state +, H^{+a) = and 

1 



A J 



^A 



(+) 



exp(- ^ cl>+(a)) 
o-gQa AcA 



Fix R > and define a finite-range potential by putting $^^(0") := 'l?J^(o") if \A\ < R and 
$^^((t) := otherwise. To use the existence of pressure 

P[^{R)) from [63] for finite -range 
(translation-invariant) potentials sketched in the beginning of this chapter, we write 



E.exp(-EAcA^») < 



E.exp(-EAcA<^f (^)) 



sup I ^ 

A(ZA,\A\>R 



i&A ' A3i,\A\>R 



< 



jgA 



E ^i(-) 

A9i,|A|>_R 



[A| • sup 



E •^i(^) 

A90,|A|>K 



This is the tail of a uniformly convergent series (see Remark I3.58P from which we conclude by 
that {P($(^)),i? > 0} is a Cauchy net with limit 

hm P(cD(^)) = hm ^logZ*^-' = lim ^logZr(+) = -e+ 
R^oo ^ ^ K^zd |A| ^ A ^^^^ |A| ^ ^ 

which depends only on the vacuum potential (hence on the specification 7). This proves that 
e+ and e+ exist for all G Qunil), and depends of 7 only. Therefore, 



lim — log 

K^Zd |A| ^ v{+k) 



0. 



Remark 4.38 



In the standard theory of Gibbs measures, the existence of h{^\u) and the identitv 14.251 are 
obtained by proving existence and boundary condition independence of the pressure, see e.g. 
[52] p 322 for a similar expression. This requires the existence of a UAC potential, which 
in our case is replaced by regularity properties of the specification and existence of the limit 
defining e^. The existence is guaranteed e.g. for renormalization group transformations of 
Gibbs measures, and for v with positive correlations (by subadditivity) . Moreover, in the case 
of transformations of Gibbs measures, convergence to zero of (j4.26p is also easy to verify [77] . 
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4.3 More on equilibrium: LDP and Stochastic Ising models 

4.3.1 Large deviation properties 

The thermodynamical variational principle M.llh , which holds for translation- invariant Gibbs 
measures consistent with a translation-invariant potential, as proved e.g. in [52j, or in |101j 
for the more general class of asymptotic decoupled measures, and in particular the convex 
conjugation of the relative entropy and the pressure, is a first step for the statement of a large 
deviation principle for such measures. Indeed, when relative entropy is defined, it is often 
the so-called rate function for such an LDP at the level of measures. We do not enter into 
the general details of this important subject of probability theory in these lectures, see e.g. 
[19^ [90l Ion [36] for a precise formulation of large deviation principles and their relationships 
with the notion of entropy in thermodynamics. 

Roughly speaking, large deviations consist in an estimation of the probability of rare 
events by estimating the usually very small probabilities of large simultaneous fluctuations in 
a system consisting of a large number of random variables, and claiming that such a principle 
holds at the level of measures is a way of expressing the fact that the probability that a typical 
configuration for a measure fi G -^tinv looks typical in A for the measure u G A4^^^^ decays 
exponentially fast with the volume with a rate equals to the relative entropy hdilv): 

Prob^ [wA typical for /ua] « ^'IM KpW) ^ 

Thus, when such a principle holds for our Gibbs measures, the rate function gets its 
minimum at zero when fi and are Gibbs for the same specification, and thus the probability 
of getting from n a typical configuration for u decays exponentially with the order of the 
surface only, or at least at a sub-volumic rate. This fact can be used to prove that a measures 
is not Gibbs for the same potential as a reference measure and has indeed been used to detect 
non-Gibbsianness in the projection of the Ising model [109j . 

4.3.2 Stochastic Ising models 

Stochastic Ising models are particular types of Markov Processes on the configuration space 
(r2,jF) when the single-site state space is -E = {— They are widely described in [92] 
and allow, under mild conditions, to get Gibbs measures as invariant reversible measures for 
these stochastic processes. Let us focus on the most standard local stochastic dynamics, the 
so-called Glauber or spin-flip dynamics, which corresponds to usual birth and death processes 
in standard probability theory. Starting from an a priori configuration, one would like to 
change, or flip, the configuration at a given site randomly depending on its neighbors in order 
to get a suitable convergence to a typical configuration of a given Gibbs measure. 

To formalize this a bit, one denotes for any i £ S and ci G the flipped configuration cr* 
to be defined by al = —ai and = aj for all i ^ j, and consider a collection of spin- flip rates 
{cj((7), i G S,a £ Q}, assumed to be of finite-range, strictly positive and translation-invariant, 
in order to uniquely define a Feller process {rit)t>o on J7, T with generatoil^ L defined on local 
functions / G ^loc by 

Lf{a) = Y^c.{a)[f{a^)-f{a)]. 



For a rigorous description, consult [921 135] . one can consider the closure of the generator. 
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Denoting by S{t) the corresponding semi-group (see [92]) and by Eg- the expectation under 
the corresponding path-space measure Po- given the initial configuration rjQ = a, one gets an 
action on functions / £ ^loc with for alH > 0, 

S{t)f{a)=EM{Vt)] 

and on measures i' to get a measure vS{t) defined by its expectations on local functions 

fd{vS{t)) = [ S{t)fdu. 



The corresponding measure uS{t) being thus the distribution of the configuration at time t if 
the initial distribution at time zero is u. A probability measure ^ E A^i,inv(^) is then called 
invariant for the process (or for the dynamics) with generator L iff 



L/d/i = 0, V/ € ^loc 

or equivalently iff ^S{t) = fi for all time t; an invariant measure /i is reversible when 

liLf)gd, = 0, V/,,E^... 

In words, a probability measure is invariant when the process {rjt)t obtained by using ^ as 
initial distribution is stationary in time, so that its definition can be extended to negative 
times, and is thereafter reversible when the process {rjt)t and {rj-t)t have the same distribution. 
In our case, reversibility is equivalent to a standard detailed balance condition on the rates 

^ = ^ (4.39) 
dii Ci[a) 

where is the image law of fi by the spin- flip at site i, a i — > u'. Thus, to get a dynamics 
evolving towards a given measure it is enough to choose the rates according to (|4.39p . 
This is the way Gibbs measures are obtained as reversible invariant measures in the so-called 
Glauber dynamics at inverse temperature j3: Given a UAC potential one introduces the 
rates 

c.(a)=exp{|^[cl>^(a)-$^(a^)]} 

in order that (j4.39p holds for the Gibbs measures corresponding to the potential ^. In such 
a case, the rates generates jump-processes on the configuration space with independent Pois- 
son clocks attached at each site that randomly produce spin-flips according to the considered 
Gibbs measures, which are eventually the invariant reversible measures reached at equilibrium. 



Similar stochastic Ising models can be introduced by changing the spin-flip rules (in the so- 
called Metropolis-Hastings dynamics) or by exchanging the spins between two sites (Kawasaki 
dynamics, equivalent to an exclusion-process in the lattice gas settings with single site state- 
space E = {0, 1}), leading at equilibrium to the same reversible Gibbs measures. 
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Chapter 5 

Generalized Gibbs measures 



5.1 Heuristics 

Let us consider physical systems with a large number of particles in thermal equilibrium 
modelled by the Gibbsian formalism described in Chapter 3 and consider more precisely the 
example of particles of water. Although water is too complicated a system to be described 
precisely by the Gibbsian formalisrr0, it allows to give a qualitative picture of the phase tran- 
sition phenomenon, in accordance with the precise description of the phase diagram that can 
be achieved within the Gibbsian formalism by the Pirogov-Sinai theory |103j . The system 
could be in different states depending on the temperature, and assume that these states are 
described by extremal Gibbs measures /X5, ^1,, fiy at low temperature or n at high temper- 
ature. One observes the existence of a critical temperature that distinguishes a region of 
temperature where the physical system can only be in a unique phase and a lower dimen- 
sional manifolcH corresponds in the {P, T)-plane where the system can coexist in two or three 
different states, depending on the pressure for a given temperature, yielding the following 
(qualitative) phase diagram. 

T > Tc'. Uniqueness regime: ^(7) = {/i}. 

T < Tc'. There exist 2d-manifolds where the system is in a unique phase, solid, liquid or 
gaseous, depending on the pressure P. These unicity manifolds have as boundaries Id- 
manifolds where two different phases coexists. These coexistence lines have as boundary 
a Od- manifold where all three phases coexist. 

^From a physical point of view, a phase transition is the transformation of (P, r)-variables 
that allows the passage from one of the regions of uniqueness to another one, through a region 
of non- uniqueness. Two kind of phase transitions can be distinguished here: When this (P, T)- 
transformation crosses a coexistence line, one says that a first order phase transition occurs, 

^In particular, the solid phase has to be more carefully described as we do now, due to the particular nature 
of crystals. One expects that a crystal breaks the translation symmetry, so that translation-invariant Gibbs 
measures can be ergodic but not extremal in the set of Gibbs measures. Moreover, although there is a gas- 
liquid point, there is not a second-order transition from solid to liquid or gas in great generality. Our present 
heuristics have thus to be taken very carefully while dealing with this solid phase. 

^The existence of these manifolds comes from the Gibbs phase rule, see the introduction of Wightman in 

m- 
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whereas when one crosses the critical point C from T > T^, one says that it is second ordeiH. 
Let us focus on the latter, for which a quantity called correlation length is introduced. Let jj, 
be a Gibbs measure, cr € Jl. For T ^ Tc^ and i ^ j € S, the covariance between the random 
variables ai and aj is expectecfl to decay exponentially in such a way that one could define 
and define a quantity ^(T) such that: 

_ K-il 

where = means logarithmic equivalence for large | i—j \. The quantity £,{T) has the dimension 
of a distance and is interpreted as the correlation length of the system, beyond which two spins 
are physically considered to be independent. It is then considered as a natural scale of the 
system which enables us to measure the length with the unit 1 ^ instead of 1 meter. We 
cannot do it at the critical temperature because the decay of correlation is not expected to 
be exponential and in some sense one has presumably 

lim EiT) = +00. 

This is interpreted as the absence of proper scale for the system at the critical temperature. 
Physically, for the system of water, we observe a "milky" water or critical opalescence, show- 
ing a strong interaction between all the particles of the system that creates a highly chaotic 
behavior. As a consequence of this absence of proper scale, the behavior of the system at 
the critical point should be the same at any scale, providing a tool to study these critical 
behaviors, which are ill-known and difficult to observe: Natural transformations of the obser- 
vation scale seem to be an appropriate tool to understand it better, the critical point being 
considered in some sense as a fixed point of these transformations. This has motivated the 
introduction of the renormalization group, a semi-group of transformations directly related to 
a change of scale of the system, as a tool in theoretical physics to study critical phenomena 
using change of scales in particles systems, which appeared to be rather powerful in these 
fields, see e.g. [171 IM liHllSOllSSl fTTe] . 



We shall describe it more precisely next section, but let us first consider a scaling transfor- 
mation T : 0, — > n', where il. and $7' are the configuration spaces at two different scales. Let 
be a measure describing an equilibrium state of the system at the first scale, i.e. a Gibbs 
measure on Q, and denote formally H its Hamiltonian. The transformation T acts naturally 
on measures and we denote fi' = T/i G A4f{Q',J^'). The natural aim in our theory would be 
to obtain /j,' as a Gibbs measure and to define an Hamiltonian H', image of the Hamiltonian 
H hy a renormalization transformation on spaces of Hamiltonians for it, in order to get the 
following diagram defined and commutative. 



H 



H' 

A 



V 



^This distinction between first or second order phase transitions is also mathematically characterized in 
terms of differentiable properties of the pressure introduced in Chapter 4, see [631 IllOl 136) . 
*and sometimes proved [85) using among others correlation inequalities. 
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Figure 1: A renormalization group transformation acting on measures. 



In the late seventies and early eighties, Griffiths and Pearce/Israel \55\ [62] discovered some 
pathologies of the behavior of these image measures: It turned out that they often are not 
Gibbsian and it came out as a surprise that one could break the equilibrium properties 
of a state by only looking at it at a different scale, and according to the ideology of the 
renormalization-group theory, this should not be so. These pathologies have been rigorously 
proven to exist and mostly identified as the manifestation of non-Gibbsianness due to a failure 
of the quasilocality property, mostly at low temperature, in 1993 by van Enter, Fernandez and 
Sokal [36] in a rather general and rigorous mathematical framework. Let us recall that the 
Hamiltonian can be recovered from the Gibbs measure fi with the help of the Moebius inver- 
sion formula. When the correlation do not decrease sufficiently fast, and in particular at the 
critical point or in some phase transitions region, a divergence might appear in this inversion, 
preventing a definition of H' from fi', and leading to non-Gibbsianness of the image-measure. 
Nevertheless, we shall see that this phenomenon also hold in other parts of the phase diagram, 
sometimes far from the critical point, and that it is already present after one single change of 
scale for very simple scaling transformations. We formalize all these heuristics more precisely 
now. 

5.2 RG pathologies and non-Gibbsianness 

In this section, we formalize mathematically the scaling transformations, introduce the renor- 
malization group transformations and describe how these transformations could lead to non- 
Gibbsianness. As we shall see, this phenomenon is often related to the occurrence of phase 
transitions in some hidden or constrained system, and to get the main features of the phe- 
nomenon we describe precisely how this happens for the simplest RG transformation, the 
so-called decimation of the 2d Ising model at low temperature, the latter being low enough 
to get a phase transition that creates long-range dependencies leading to non-quasilocality in 
the mentioned hidden system. Thereafter, we shall give a (non-exhaustive) catalogue of other 
RG transformations of Gibbs measures that also lead to non-Gibsianness for similar reasons, 
but for which the proof is much more complicated, when it exists ! 

5.2.1 Decimation of the 2d ferromagnetic Ising model |36| 

The basic example we describe here, which already captures the main non-trivial features of 
the pathologies, concerns the decimation with spacing 2, which corresponds to the projection 
of the 2d-Ising model on the sublattice of even sites, while we shall give similar results for dec- 
imations at other dimensions and for other spacings later on. More generally, the decimation 
transformation on 7? with spacing b is defined to be the transformation 



defined by Vi G 7? by lo[ = cobi, and denote simply T = T2 the case of a spacing 6 = 2 described 
here. The following result is crucial to understand renormalization group pathologies and the 
arising of non-Gibbsianness in equilibrium mathematical statistical mechanics. This example, 
already described by Israel in [62] to detect renormalization group pathologies, has been fully 
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analyzed in [3^, in the seminal description of RG pathologies in the realm of Gibbsianness 
vs. non-Gibbsianness framework. 

Theorem 5.1 J36^ Let (3 > I3c = \ cosh""^ [e^^"^ and denote by u/j = T^ip the decimation 
of any Gibbs measure fi for the homogeneous ferromagnetic n.n Ising model on Tl? with zero 
magnetic field. Then is not quasilocal, hence non- Gibbs. 

To prove non-quasilocality of the renormalized measure, one exhibits a so-called bad config- 
uration where the conditional expectation, w.r.t. the outside of a finite set, of a local function, 
is essentially discontinuous, or equivalently is discontinuous on a (non-negligible) neighbor- 
hood, as described in Chapter 3. The role of a bad configuration is played by a so-called 
alternating configuration tj"^'* defined for all i = {ii,i2) G by uj'f'^^ = (— l)*^"'"*^^ Computing 
the magnetization under the image measure Ufs, conditioned on the boundary condition w'^'* 
outside the origin, will give different limits when one approaches this configuration with all -|- 
(resp. all — ) arbitrarily far away, as soon as phase transition is possible for the Ising model on 
the so-called decorated lattice, a version of 7? where even sites have been removed. The latter 
phase transition is shown to be possible as soon as the inverse temperature is larger than the 
above value f3c. The global neutrality of this bad configuration leaves the door open to such 
a phase transition to occur at low enough temperature, and is crucial in its badness. Let us 
formalize this a bit more, following the full proof given in |36j . 

Proof of theorem 15. It 

We denote hy v = T/i this decimated measure: 

yA' G J^', u{A') = fi{T'\A')) = //(A) 

with the notation A = T^^{A') € J-. In order to describe how a phase transition in some 
hidden system gives rise to non-Gibbsianness, we also extend this decimation on the "even" 
sites of Z2, i.e. 2Z2, by: 

T ■.i = 2i' I — >i' 

and on subsets: VA C 2Z'^,T{A) := A' = {i e 1? , 2i G A} C 1? . We underline that T maps 
the finite subsets of 21? on the finite subsets of Z^, but the converse is not true: If one defines 
a cofinite subset of S to be the complement of any finite set, then the inverse transformation 
T~^ does not map the cofinite subsets of Z^ on the cofinite subsets of 2Z^. For example, when 
A' = {0} consists of the origin of Z^. Then A'" = Z'^\{0} 

and T~\A'^) = {i = 2i' s.t. G A'^} = {x = 2x , x' E Z^, x' / 0} 
= 2Z2\{0} = [(Z2\2Z2) U {0}]' =: A" 

where A = (Z^\2Z^) U {0} is not a finite subset of Z^, and this is actually the reason why non- 
Gibbsianness could occur: Getting still an infinite-volume framework after this conditioning, 
this leaves the possibility of phase transitions for the measure conditioned on A, giving rise to 
the essential discontinuity: In order to prove that v is not Gibbsian, we prove that there exists 
A' G S' and a function / local on Q' such that no version of '^[f\J^A"']i') is quasilocal, that 
is we want to find to' in 17' for which there exists / local on Q' with i/[/|.Fa'c](u;') essentially 
discontinuous. Now, using the action of the measurable map T on subsets and configurations, 
one easily gets, for any A' G S' 

'^[^'iK'cK^') = f^[A\J^x-]iT'^uj'), i^-a.e.{u;'), VA' G -F'. 
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So we have to compute the conditional probabihties /x[74|^;^c] for A non-finite, and this is not 
given by the specification 7, which only provides versions of conditional probabilities for the 
outside of finite sets onljd. Thus A = T^^{A"^) is not a cofinite set, as we show for A' = {0} 
and illustrated on the figures 2 below. A short computation leads indeed to 

A' =Z2\(2A') = T-\A')u{Z\2Z'^) 

and thus A*^ consists of all the spins of 2Z^ except the origin: If we "knew" everything 
except the origin on the decimated system Q, we should "know" the spins on 2Z^ except at 
the origin. Then A is the origin plus the sites which are not in 2Z^, as shown in figures 2 



-1 
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? 








f g h 
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Figure 2: The configuration space after decimation, Q'. 
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Figure 2b : The configuration space before decimation, fi. 

To prove the failure of quasilocality, we thus have to compute fi[-\J-x<:]{uj) when uj G 
T^^{lo'), with co' in the neighborhood of a particular configuration in Q,'. Of course, we know 
that fi is a Gibbs measure for the 2(i-Ising model, so there exists fi^ with /x(O^) = 1 s.t. for 



all UJ € ft^, for all o" € w and A E 5, 



■ exp ( ^ f3ai(jj + ^ l3(JiUjj) 

{ij)cA (ij),ieA,jeA'= 



(5.2) 



but we want to study /i[-|.7^>,c] with A non-finite, which is not a finite-volume probability, but 
on the contrary appears to be an infinite- volume Gibbs measure, as generally proved in |36j : 



^To describe such conditional probabilities, on should use global specifications developed in [44) . 
®The letters denote the value of spins on the underlying sites, when fixed, and the ? indicate that the spin 
over the underlying site is unknown. 
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Lemma 5.3 ^3U] Let lo' G Q' and let A a infinite subset of 1? . 
yu\-\T\c\{[^') to {Qx,Tx) is a Gibbs measure for a UAC potential ^ 



Then the restriction of 



We shall not prove this lemma in the general case, but rather directly establish the result 
for a particularly well-chosen configuration, for which a phase transition is possible for the 
resulting Gibbs measure on the smaller infinite- volume configuration space {0,x,J^x)- This 
particular configuration will now be in some neighborhood A/a of the (neutral) alternating 
configuration a;'^'* defined by 



Vz = (ii,i2) G 



i-ir- 



Denote fi^ the restriction of fi[-\Tx'']i^') {0,x,-!Fx), well-defined as a probability mea- 
sure by the existence of regular versions of conditional probabilities as described in Chapter 
3. As A is fixed (we always take now A' = {0}), we forget it and write /i"^ = pL^ . To prove 
that it is a Gibbs measure on {Q.x-jJ'x)-, we consider A C A finite and a boundary condition 
r € r^A, which yields the following picture: 



+ 



+ 



+ 



+ 



+ 



<7-i,i cro,i ai^i 
- cr-1,0 O ^1,0 



+ 



+ 



I 1^ 

+ •-• + •-■ + 

Figure 3: Configuration space Vtx with the alternating configuration in A'^. 

To check the D.L.R. equations for a suitable interaction, we have to compute, for lo' in the 
neighborhood A/a of w"^^*, for ix^ -a.e. r and for all ax^^x-, 

/^'^'kl-^A\A](-^) = At'^'[o-Ak;^\A = Ta\a] = X] lA^\^\\l\ = crX'^ = (^X'^] 

with oj G T~^{oj'). We first assume that A is big enough to contain the A considered, in 
order to describe the resulting interaction. Later on, we shall take the infinite-volume for A 
and eventually encounter a volume where lo' is different to the alternating configuration, to 
eventually select different phases when possible, but for the moment the large A allows us 
to work with the single w"^^* only but avoiding preventing possible conditioning with sets of 
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measure zero. In the previous sum, only one term is not zero, when axe = lo\c, which is the 
alternating configuration on A'^. Hence, 

/^■^'[o-aIo-ava = n\A] = /"[o-|-^a<^uA'=](tawaO- 

But U A'^ = (An A)"^, and A n A = A is a finite subset of I?, so we now use the D.L.R. 
equations for ^ to get, for ^ -a.e. taO'a': G 

^ (■tj)cA (ij),jGA,jeA= (ij),jGA,jGAnA= 

where the normalization is the standard partition function. A remarkable fact now, that will 
eventually lead us to consider the Ising model on the decorated lattice, is that in the sum 
ieA jGA= J'^i^jj the j's are "even", i.e. j = 2k with k ^I? such that ujj = uj'j, is fixed in 
the alternating configuration. Then, we obtain the validity of the DLR equation for ^u'^'-almost 
r G r^A, i.e we have proved the : 

Lemma 5.4 Let uo' he the alternating configuration defined above and assume that there exists 
oj G T~'^{u') for which the D.L.R. equations for fi are valid with a n.n. potential appearing. 
Then fi^ , the restriction of ^[■\J^xc][ijo) on [Q.\,!F\) is a Gibbs measure for some UAC poten- 
tial. 

We do not need to give explicitly the potential but it will appear to be equivalent to an Ising 
potential on the decorated lattice in the the computation of the magnetization that we per- 
form now. We shall then observe (Figure 4) that the coupling due to "even" sites cancels and 
we obtain a Gibbs measure for an Ising model on {n\,J^x), with the same definition of the 
nearest-neighbors as in 1? . To achieve this, we just need to know that there is some Gibbs 
measure for the interaction of the previous equation. In case of phase transition, we do not 
know which it could be, and we shall prove that local variations in oj' could change drastically 
the selected phase. This will yield a non-Gibbsianness of the decimated measure. 

Gomputation of the magnetization 

To prove a non quasilocality of u at sufficiently low temperature, consider then the action 
of the conditional probabilities on a local function chosen to be characteristic of the phase 
transition mentioned above. Namely, it should be an order parameter of the phase transitior^ 
and consider here the so-called magnetization. Denote again its origin by or (0, 0) and 
consider the local function /: $7' — > R; a' i — > /(c') = ctq and to study i/[cro|JF^'c](u;') for uj' 
in the neighborhood of the alternating configuration, considering first that A is big enough to 
feel Lo' as the alternating configuration itself . Then, i/-a.s. 

u[a'o\J^A>c]{u;') = i2^'[ao] 

as described in the previous section. We know that it is a Gibbs measure for some interaction, 
then by Lemma [2.661 there exists a sequence (^'_R7A^)_RgN whose weak limit is /j,^ . For i? G N, 

'^In statistical mechanics, an order parameter of a UAC potential which admit a family {fij ,jE,J} of distinct 
Gibbs measures is a finite system {/i, ■ • ■ , /n} of local functions which discriminate these Gibbs measures by 
means of the associated expectations {njlfi], ■ ■ ■ ,fJ-j[fn]} [52] . 
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write, by a slight abuse of notation, A^^ be the intersection between A and the usual cube of 
length 2R s.t. their exists a sequence with 



where 



{aor := /x" [ao] = lim {aor 

it— >0O 



is the expectation of the spin at the origin when the boundary condition which selects fi'^ has 
the law ur. Let us first fix one boundary condition tr and note (■)'^ '"^^ the expectation under 
the measure /i"^ [•|-^A^](''"i?)- Wc know that /i"^ is a Gibbs measure on {Q,x,J-'x), whose lattice 
consists of all the non-even spins plus the origin. 

In order to study this measure on a more conventional lattice, let us try to fix the spin at 
the origin. Define Lr = {i e Ar s.t. ii and i2 are both odd } and Hr = Ar\Lr. We have, 



using the notation Kj^{dax) = p\j^ (8) St^^;^^''' (dax), 

'"^^ Jnx tr 

where X^^jo) me^'i^s that the sum is taken over all the spins attached to the origin and Z'^'''^^ 
is a standard normalization. Using Fubini's theorem for positive functions, we integrate out 
w.r.t. the origin first to get (with A* = A and = Aij\{0}) 

(o-o)'^''^« = ^^(l- / e-^^(^W*^e^<«>-*eARdeAnAB'5<^'^J JJ (e^<->^AK'^'''"'*)«;^''(rfo-A*)) 
with the partition function 

Hence, we only have to compute the expectation of e~^^^^<'<'> w.r.t. the Gibbs distri- 
bution with boundary condition tr for an Ising model on ($7^* ■> ^\* ) when the spin is fixed to 
be "+" at the origin. We obtain this model because of the very particular interaction we get 
with the alternating configuration: The contributions of the "even sites", which are fixed in 
the alternating configuration, cancel each other. We have then the alternating configuration 
everywhere on 27? and an Ising distribution on the so-called decorated lattice A*, without 
external magnetic field as soon as A C A. Denote '"^^ this measure and (•)"'" ''^ '"^^ the 
expectation with respect to it, to get 

I _ /p-2/3{(To.i+o-i,o+o--l.()+o'o,-i)\+,ti;',-rij 

icFn) ''^'^ = - (h 6) 

^ 1 _|_ ^e-2/3(ao,l+cri,o+o--l,()+cr(),-l)^+,w',TH ■ ^ ■ 

To get a more standard expression in terms of standard Ising models, we now use the follow- 
ing trick, standard in statistical mechanics with ±1 Ising spins, to reduce ((To,i)"^''^ '"^^j the 
expectation of one spin attached to the origin: 

Lemma 5.7 

(ao,i)+''^ = (tanh(J((7i,i + (7_i,i))) = ((- tanh(2J))((7i,i + a_i,i); 

where ui^i and o"_i_i are the spins attached to (7o,i. 
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This reduces our study to the distribution of the spins in Lr, that is in fact the decorated 
lattice, the lattice of spins whose coordinates are both odd. 



+ 



+ 



+ 



+ 




+ 



+ ■-• + ■-• + 

Figure 4 : Ising model on the decorated lattice A* 

We then have to compute (cri^i)^'^ '^^ . As claimed before, we can start integration with 
respect to the spins in Hr, the sites of the decorated lattice which have exactly two neighbors. 
We call Hj^ = Hji\Tr where Fji = Aij\A/j_i is the boundary of Ar. The sites in Hj^ are those 
which have two neighbors in A/j. We also call Hj^ = Hr n F/j the set of the sites which have 
two neighbors in the lattice A*, one in Ar and the other, fixed by the boundary condition r, 
outside A/j. Compute: 



(^i,i>" 



z+ 



(5.8) 



where 



AR{a,daLn)= n Po[d^a]^S^}^^^ {dax\A 



where for each b £ Hr, we have called b' and b" its neighbors in Lr or filled by the boundary 
condition r in A/j+i, to get for the integral (|5.8p 



n 

beHR 



aGLji 
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Now, using another standard trick on Ising spins, we calculate 

g/3((Tj,+CTj//) _|_ g-/3((Ti,/+0-i,//) 



in such a way that the contribution of the spins in Hr does not appear in the integral anymore, 
because the set {(6', b"), b € Hr} is Lr. To get a more standard Ising representation, we would 
like to obtain now a coupling interaction between the spins in L/j. To do so, write 



(5.9) 



where K cancels by normalization. On the event {af,' = +'i,ayi = +1}, we should have 

cosh[2/3] = Ke^' 

and on the events {ay = —l,ab>' = +1} and {ay = +l,ab» = —1} 

1 = Ke-P' 

then, one could take K = e^' and e'^^' = cosh[2/3] i.e. /?' = 5 cosh^-*^ (^^'^) (|5.9p so 



(^1,1) 



Z + 
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Figure 5 : Ising model on 2Z^ with coupling /?'. 

It is exactly the magnetization of a ferromagnetic Ising model at inverse temperature /?' 
on 21?, with the boundary condition r on (A\A/j) fl 2Z^ and without external field. When 
the temperature is low enough, we know by Theorem 12.261 that a phase transition holds and 
that the above magnetization is an order parameter, and this will eventually lead to essential 
discontinuity as soon as P' > /3c, which yields p > (3^ = ^ cosh"^ (e^^). 
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To rigorously get the essential discontinuity, one should now do the same computation 
when An is bigger than A, i.e for distinct neighborhoods of the alternating configuration, 
where all pluses or all minuses far away will create a external field that eventually selects the 
different phases. The procedure is the same but one has to be careful in some computations, to 
eventually give rise to the essential discontinuity we seek for. Thus, this failure of quasilocality 
comes directly from the presence of a phase transition in some " hidden system" , that of the 
internal spins. This is carefully proved in detail in [36| in the 

Lemma 5.10 (essential discontinuity) Let (3 > ^cosh~^ (e^^^^) and let a;'"'* be the alter- 
nating configuration. Ve > 0, VA/" neighborhood of a;'"'* , 3Ro > such that Vi? > Rq , we 
can find AfR,+, Mr - C N with vIAr^j^] = > and for u-a.e. u;[ € Mr^+, for v-a.e. 

Thus, no version of the conditional probabilities of v given .?^|g|c can be continuous. 

This proves Theorem 15.11 This basic example expresses the link between the pathology 
and the existence of a phase transition in some "hidden" system. The same procedure has to 
be used for more general RG transformations, but it is sometimes difficult or even unknown 
to detect a bad configuration: Indeed, getting a bad configuration amounts to prove phase 
transitions, and this is sometimes, not to say often, difficult or unknown, involving e.g. very 
sophisticated versions of the theory of Pirogov-Sinai. We give now a non-exhaustive small 
catalogue of results that have been proved during the last decades, many other examples are 
rigorously described in [36| [33]. 

5.2.2 General RG transformations, main examples and results 

In the general framework, we deal with two configuration spaces, a so-called original one 
{i},J-,p) and a so-called image one {Vl' , J-' , p') . Most of the time, the lattice S' of the image 
system is smaller, and of the same kind (e.g. S = U^, 5" = Z"' , d> d'); the above decimation 
transformation is e.g. sometimes described with 2Z'^ as image lattice, and the projection on an 
hyperplane or "restriction to a layer" is studied in this context of the renormalization group 
whereas it does not satisfy all the properties of our following formal definition. The extension 
of the definition to spaces of measures is standard. 

Definition 5.11 (R.G. kernels) A renormalization group transformation (R.G.T.) is a a 

probability kernel T from {Vt^T) to {0,',J^') such that 

1. T carries M^i^^in) onto Ml^^^in). 

2. There exists sequences of cubes (A„)„gN o.nd (A^)„gN, respectively finite subsets of S 
and S' , such that: 

(a) \/A' £ T'ki , the function T(-,^') is J- \- measurable: The behavior of the image 

n 

spins in A^ depends only on the original spins in A„. 
(h) limsup„^oo ^ <K <(x>. 
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We give now a few examples where non-Gibbsianness has been proved to arise. As already 
claimed, it is more illustrative than exhaustive, a general method applying to many examples 
is available in [36] and in related papers from our bibliography. We distinguish two types of 
examples, those where the transformation is deterministic, like the above decimation, and the 
more general stochastic ones. We first extend the previous results to more general decimations. 

Deterministic transformations 

A RGT is said to be deterministic when the probability kernel induced by T is deterministic 
in the sense that 



where the image to' = t{uj) is a function of the original configuration ui. 

1. Decimation transformations in higher dimensions: 

It is thus a deterministic probability kernel from = E^'' onto itself, with t{u!) = uj' and 
u'^ = ujbi- In the same spirit of the phenomenon observed for the 2d Ising model with 
the alternating configuration, but with much more difficult proofs in general, usually 
involving an heavy machinery and tricks to find a special configuration and to prove it 
is a point of essential discontinuity. Among others, one gets 

Theorem 5.12 13^ Let d >2 and b > 2. Then for all (3 > (3{d, b) sufficiently large, for 
any Gibbs measure fi for the standard n.n. homogeneous Ising model on Z*^ with coupling 
J > and magnetic field h = 0, the decimated measure v = T^/x is not quasilocal. 

This result is also extended in some open region h) of the phase diagram, e.g. to 
small magnetic field at dimension d > 3, for an adapted special configuration, see Section 
4.3.6. in [3^. It is also interesting in view of the historical aim of renormalization group, 
that iterates the transformations to reach the presumably fixed critical point, that the 
quasilocality property could be recovered after iterating this decimation transformation 
[39], and that other positive results on conservation on Gibbisanness in other parts of 
the phase diagram exist [59] . 

2. Deterministic majority-rule transformation for the Ising model: 

The configuration spaces are still identical and are those of the d-dimensional Ising 
model = = {—1,+!}^ ,d>l. Let 6 > 1 be an integer and let Bq G S with \Bq\ 
odd. Define, Vi G Z"^, Bi to be Bq translated by 6 ■ i: Bi = Bo + b-i. We call this subsets 
of Z'^ blocks. The deterministic kernel is the transformation t{uj) = uj' defined by 



For these transformations, getting some bad configurations leading to non-quasilocality 
is sometimes difficult, due to the constraint it gives on the block, see ^36j. One never- 
theless proves the 

Theorem 5.13 JSO] Let J large enough, ^ any Gibbs measure for the 2d Ising model 
with n.n. coupling J and zero magnetic field. Let T be the majority with blocks of size 
\Bq \ = 7. Then v = [iT is not quasilocal. 



VA' G J^',Vw G n,T{LO,A') = 5^' {A') 



yi G Z'^, io'i 
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The result has been extended for smaller blocks using a computer-assisted proof in [67]. 
Such transformations belong to a more general family of block-spins transformations, 
very useful in renormalization procedures or multi-scale analysis, see e.g [5l I16j. 

3. Modified majority-rule on a Cayley tree with overlapping blocks: 

The Ising model on a Cayley tree has been introduced in the previous chapter. We shall 
restrict ourself to the simplest rooted-Cayley tree Tq [8] and let /i be any Gibbs measure 
for this model (we have seen in the previous chapter that there always exists at least 
one Gibbs measure for this model). We choose the root as the origin and we denote it r. 
Define = {—1, -|-1}^ and fi' = {—1,0, -t-l}"^ , and let R be any non negative integer 
to define the closed ball of S of radius R to be Vr = {i £ Tq \ d{r, i) < R}. Denote also 
its boundary by Wn = {i G Tq \ d{r,i) = R} where d is the canonical metric on Tq. 
We shall represent the vertices of Tq by sequences of bits, defined by recurrence: The 
representation of the origin r is the void binary sequence, and that of its neighbors are 
chosen to be and 1. Now let i? > and let i G Wn with representation i* . There are 
only two sites k and I in W^j+i at distance 1 from i. We define then their representation 
to be k* = i*0 and /* = i*l. We obtain a representation of all the vertices of Tq. We 
shall now write the same symbol i for the vertex or the binary representation i* . Define 
Cr = {r, 0, Ijand Vj £T^, j r, the ceh 

Cj = {j,jO,jl} 

where jO and jl are the two neighbors of j from the "following" level. For example, 
Co = {0,00,01}. Define as well Cj = Card(Cj), with here Cj = c = 3, and consider now 
the deterministic transformation t : uj i — > t{uj) = u)' where is defined by 

+ 1 iff \Y.^^C,^^ = +^ 

iff ilE.ec.'^^Kl 

-1 iff \Y:^^C.^^ = -^■ 



This could be seen as a static version of the voter model, where a child votes like 
its parents when they agree. In this case, due to the overlapping of the blocks, the 
failure of quasilocality occurs at all temperatures, for the very particular null everywhere 
configuration. An interesting fact is that the set of bad configurations is topologically 
rather big but suspected to be of zero DLR- measure [81]. 



Tlieorem 5.14 fgij / Let fi be any Gibbs measure for the Ising model on Tq and let v 
be the image of \i by T. Then u is non quasilocal at any temperature and cannot be a 
Gibbs measure. 

It could be generalized to non-rooted Cayley trees, and with other sizes of blocks, also as 
a stochastic transformation, modelling the fact that a child does not always vote like its 
parents, as follows: Let e G [0, 1] and ^ be a Bernoulli random variable with parameter 
e. Define the deterministic map t^ : to i — > t{Lo) = uj' where uj' is defined for all j G Tq 
by 

+1 iff ^ Eiec, = +1 and C = 1 

^ = \ -1 iff c Eiec, = -1 and C = 1 
if C = 0. 
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Its action is described by a probabilistic kernel defined by: 



\/A' € r',\/oj € n,T,{u;,A') = (I - ^)6t^^^^{A') + C6o{A'). 



It could be interesting to study the difference between the deterministic transformation 
and the stochastic ones because this could play a role on the degree of non-Gibbsianness 
of the image measure. 

4. Restriction of Ising model to a layer [96} I109j : 

This transformation is not properly speaking a R.G.T. in the sense of our definition, be- 
cause of the lack of strict locality. Nevertheless, it is known to lead to non-Gibbsianness 
(see |109] ) and is a good example of a new kind of random fields, the weakly Gibb- 
sian measures, which will be introduced soon [96]. The configuration spaces are O = 
{— and Jl' = {— The transformation is deterministic and defined by 
t{uj) = io' where uj' is defined by Vi G 'Ij'^~^,uj'- = u;(j o) where denotes here the origin 
in Z. The interesting fact in this example, together with the fact that it could seem 
very natural at a first sight to consider the projected measure to be Gibbs, is that the 
original proof relies on wrong large deviation properties of the projected measure. 

Stochastic transformations 

In contrast to the deterministic case, a stochastic transformation could lead to different im- 
age configuration, with a certain probability for each. We have already seen an example of 
stochastic R.G.T. on the tree. 

1. Stochastic majority-rule for Ising model: 

The definition is very similar to the deterministic one, except that we deal with blocks 
Bq with |i?o| even. The configuration spaces are still fi' = = {—l,+l}'^'',d > 1. Let 
6 > 1 be an integer and let Bq £ S with |i?o| even. Define, V« G Z'^, Bi to be Bq 
translated hy b ■ i: Bi = Bq + b ■ i. Let ^ be a Bernoulli random variable on (Q, J^) with 
parameter p. Most of the time, p is considered to be ^. The stochastic majority-rule is 
the transformation T which transforms uj in t{uj) = uj' with 



2. Kadanoff transformations for the Ising model: 

These transformations model a lot of interesting and historical R.G.T. We shall not deal 
with them, but some are widely studied in [55l |62l |36]. Here again the blocks Bi are 
defined in the same way for i £ 'Z'^, the configuration spaces are 17 = 17' = {—1,-1-1}^'' 
and p is a strictly positive real. The R.G.T. map is defined atom per atom by 




+1 
-1 
+1 
-1 



if 
if 
if 
if 



EjeB,'^i = Oand^ = +l 
T.jeB,^j = and^ = 0. 



T(a;,a;')= n 



exp(p^^ EjgB.^j) 
2cosh(p^j.g5^aj) 
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This transformation is also associated with stochastic evolutions of Gibbs measures, as 
we shall see. They have been proved to lead to non-Gibbsianness for d > 2, 6 > 1 and 
p finite. It also includes majority rules or decimations in the limit p — > oo for suitable 
blocks. 

Many other examples are available in the literature, and as claimed in [33|, the surprise is 
eventually not that they are non-Gibbsian, but that it took so long to realize it, the set of Gibbs 
measures being topologically very small [Gjj- In the same seminal paper [36], positive general 
results are given about the action of these transformations on Hamiltonians and potentials, 
excluding various scenarii related to figure 1. We only quote them, see the discussions in [l3] 
and [36] . 

Renormalization transformation on potentials 

As explained in the beginning of this chapter, the extension of the renormalization transfor- 
mations to potentials is not always well-defined, whereas the extension of the R.G.T. to an 
action on measures is standard and always possible. Nevertheless, two positive results have 
been proved by van Enter et al., and we introduce them before describing the pathologies of 
the renormalization group. We restrict ourselves to a space consisting of the translation- 
invariant, continuous and uniformly absolutely convergent potentials. We introduce first a 
relation instead of a function: 

Definition 5.15 (R.G.T. on interactions) Let T be a R.G.T. We define a renormaliza- 
tion group relation TZ = TZt on interactions by the relation 

n = {($,^>') eB'^ xB^ : 3fi translation-invariant m^(7*) s.t. fiT G ^(7*')} 

Where fiT is the image measure of fi by T. 

The next theorem tells us that TZ is single- valued and is proved in |36j . 

Theorem 5.16 (first fundamental theorem of the renormalization group) Let fi and 

V be translation-invariant Gibbs measures with respect to the same interaction d B^ and let 
T be an R.G-Transformation. The following results are true: 

1. Either fiT and uT are both non-quasilocal, or else there exists a quasilocal specification 
7' with which both fj,T and uT are consistent. 

2. Either fiT and vT are both non-Gibbsian, or else there exists a uniformly absolutely 
convergent potential <!>' for which both fiT and vT are Gibbs measures. 

5.2.3 Stochastic evolution of Gibbs measures |35| 

Once these RG pathologies have been identified as the manifestation of non-Gibbsianness, a 
natural source of examples to be investigated to detect similar phenomena concern stochastic 
Ising models, introduced in the previous chapter. Of course, here it could not come out as 
a surprise due to the equilibrium considerations that led to the introduction of the Gibbs 
property: It should be natural to encounter such a phenomenon in the course of stochastic 
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evolutions of Gibbs measures, and it is indeed the case during the heating of a low tem- 
perature Ising model, i.e. the stochastic evolution of a low temperature Gibbs measure for 
the ferromagnetic n.n. Ising model during a high temperature Glauber dynamics. It is not 
so simple to establish, and not always true; physical interpretations can be found in [102j . 
Nevertheless, not much is known in non-equilibrium statistical mechanics, so any information 
about Gibbsianness in transient regimes is welcome. The first systematical study of such 
phenomena has been made in [35], although similar investigations had been made earlier in 
[971 187j. Before describing a bit more the relationships with (stochastic) RG-transformations 
through the description of the an infinite-temperature Glauber dynamics, let us quote their 
general result. 

Theorem 5.17 [3F] Let ^ be a translation-invariant potential, /j, a corresponding translation- 
invariant Gibbs measure at inverse temperature (3 and S{t) the semi-group corresponding to 
the dynamics having /i has reversible measure. Denote by v an initial translation-invariant 
distribution of the a priori configuration. Then 

1. For all v,^, the time-evolved measure vS{t) is Gibbs for small times t < to(/5)- 

2. If /X, corresponds to high or infinite temperature Gibbs measures, then the time evolved 
measure is Gibbs for all times t. 

3. If I' is a low temperature Gibbs measure for some t.i. potential whereas fi is a high 
temperature Gibbs measure, then the time evolved measure is Gibbs for large t. When v 
is not a zero temperature Gibbs measure and ji corresponds to a high temperature with 
a small magnetic filed, Gibbsianness is recovered for larger times. 

For the sake of simplicity, we describe the results for infinite temperature Glauber dynamics 
of low temperature phases of the Ising model at dimension d> 2. Starting from the +-phase 
/i^ of the Ising model at low enough temperature f3~^ > 0, we apply a stochastic spin-flip 
dynamics at rate 1, independently over the sites. The time evolved measure is then 



The product kernel in (j5.18|) is a special case of a Glauber dynamics for infinite temperature 
[35\ [82], its particular form in terms of a dynamical magnetic field ht being obtained by a 
tricky use of the small size of E = {— 1,+1}. This last particular form allows to interpret 
these dynamics as a Kadanoff-like transformation. It is known that the time-evolved measure 
fip^t tends to a spin-flip invariant product measure on {— 1,-|-1}^ , with t | oo, which is 
trivially quasilocal and Gibbs. Nevertheless, the Gibbs property is lost during this evolution 
and recovered only at equilibrium: 

Theorem 5.19 ^35] Assume that the initial temperature (3~^ is smaller than the critical tem- 
perature of the n.n. Ising model for d > 2. Then there exists to(/3) < ti{(3) such that: 

1. fijs^t is a Gibbs measure for all < t < to(/5)- 

2. ^j3^t is not a Gibbs measure for all < ti(/3) <t< -\-oo. 




(5.18) 
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Non-Gibbsianness is here related to the possibihty of a phase transition in some constrained 
modell. There remains a large interval of time where the validity of the Gibbs property of 
the time-evolved measure remains unknown for this lattice model [60]. This has motivated 
the study of similar phenomena for mean- field models in [76], where the sharpness of the 
Gibbs/non-Gibbs transition has been proved. This study has required the introduction of 
the new notion of Gibbsianness for mean-field models, see e.g. [581 174j . and the relationships 
between lattice and mean-field results encourages us to investigate it further on. Moreover, 
Gibbianness for short times has been established for more general local stochastic evolutions 
in [82] and the large deviation properties has even been proved to be conserved during the evo- 
lution for the special case of the Glauber dynamics in [83]. Other sources of non-Gibbsianness 
during stochastic evolutions, but concerning the stationary and not the transient regime, 
have been investigated in [87l [23l SZ] for e.g. discrete dynamics or probabilistic cellular au- 
tomata. Similar considerations have led to a short review about the relationships between 
non-gibbsianness and disordered systems in [37] . 

5.2.4 Joint measure of short range disordered systems [72] 

This example has allowed substantial progress in the Dobrushin program of restoration of 
Gibbsianness, and reinforces our philosophy of focusing on continuity properties of conditional 
probabilities rather than on convergence properties of a potential, as we shall see next section. 
Non-Gibbsianness has here also been very useful to explain pathologies in the so-called Morita 
approach to disordered systems, see [781175] in the proceedings volume [38]. The Random Field 
Ising Model (RFIM) is an Ising model where the magnetic field h is replaced by (say i.i.d. 
±1) random variable rji of common law P at each site of the lattice. For a given rj = {rji)i£Sj 
whose law is also denoted by P, the corresponding ("quenched") Gibbs measures depend on 
this disorder and are denoted by fi[r]]. The Morita approach [78] considers the joint measure 
"configuration-disorder", formally defined by K{dr],da) = iJ,[r]]{da)F{dr]), to be Gibbs for a 
potential of the joint variables, but it has been proved in [72] that this measure can be non- 
Gibbs for d > 2 and for a small disorder. The mechanism, although more complicated, is 
similar to the previous examples, and the arising of non-quasilocality is made possible when 
a ferromagnetic ordering is itself possible in the quenched system, and thus the conditions on 
d and on the disorder are those required for such a phase transition to hold in [13] . A diluted 
and simpler version of this phenomenon concerns the GriSing random filed, whose link with 
Griffiths's singularities is also very relevant for its similarities with RG pathologies |40] . 

5.2.5 Other sources of Non-Gibbsianness 

Soon after the detection of the renormalization group pathologies as the manifestation of the 
occurrence of non-Gibbsianness, the latter phenomenon has been detected in many other areas 
of probability theory and statistical mechanics, like Hidden Markov models. Random-cluster 
model, convex combinations of product measures, etc. see [36] or references in [38] . 

Before using these examples to emphasize how important are continuity properties of 
conditional probabilities in the Gibbs formalism, we describe recent extensions of the Gibbs 
property within the so-called Dobrushin program of restoration of Gibbsianness. 



The constrained model is a three dimensional Random Field Ising Model, due to the randomness of the 
dynamical field. The possible occurrence of phase transitions for this model has been proved in [13] . 
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5.3 Generalized Gibbs measures 

In 1995, in view of the RG pathologies described in [.36j and in the physics hterature, Dobrushin 
launched a program of restoration of Gibbsianness consisting in two parts [3pj : 

1. To give an alternative (weaker) definition of Gibbsianness that would be stable under 
scaling transformations. 

2. To restore the thermodynamic properties of these measures in order to get a proper 
definition of equihbrium states. 

5.3.1 Dobrushin Program of restoration of Gibbsianness, Part I 

The first part of this program mainly yields two different restoration notions, focusing either 
on a relaxation of the convergence properties of the potential, leading to weak Gibbsianness, 
or on a relaxation on the topological properties of conditional probabilities, leading to almost 
Gibbsianness or almost quasilocality. The first one appeared to be weaker than the latter 
and to be reminiscent to the notion chosen to describe systems with hard-core exclusion, or 
unbounded spins [84j. It express consistency w.r.t. an almost surely convergent potential: 

Definition 5.20 (Weakly Gibbs) A probability measure /i G A4i{^}) is said to be weakly 
Gibbs if there exists a potential <I> and a tail-measurable set $7$ on which $ is convergent with 
/x(f2$) = 1 such that fi G ^(7*). 

Tail-measurability is required to insure that the partition function is well-defined. Weak 
Gibbsianness has been proved for most of the renormalized measures of the previous section 
[HI ESI |95l |96] and relies on the existence of the already mentioned relative energies [97] . 
that usually enables to prove the almost sure convergence of a telescoping potential of Kozlov 
type. A non-Gibbsian measure arising in stochastic evolutions has also been proved to be 
weakly Gibbsian [23j and joint measures of disordered systems too |73j, and it is actually not 
common in our context to find a transformation of a Gibbs measure that is not weakly Gibbs, 
although examples such as convex combinations of product measures exist |951l94j. Moreover, 
in such a case, the almost sure convergence of the potential does not tell much about the 
crucial continuity properties of conditional probabilities. This has motivated the second main 
restoration notion: 

Definition 5.21 (Almost Gibbs) A probability measures // is almost Gibbs if its finite- 
volume conditional probabilities are continuous functions of the boundary conditions, except 
on a set of ii-measure zero, i.e. if there exists a specification 7 such that fi G ^(7) and 
/x(O^) = 1. 

An almost-sure version of Kozlov-Sullivan's use of the inclusion-exclusion principle in the 
Gibbs representation theorem proves that almost Gibbs implies weak Gibbs ^7T | 1114^ I95j. 
but the converse is not true (see e.g. [89J). The decimated measure has been proved to be 
almost Gibbsian in [45], and the method applies to other renormalized measures [46], but not 
for the projection to a layer for which the problem is open. More interestingly, the contrary 
has been proved [73j for the joint measure of the RFIM, which even has a set of bad configu- 
rations with full measure. The peculiarity of this example appeared to be a good advert for 
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the importance of quasilocality in the characterization of equiUbrium states for lattice spin 
systems, and to discriminate the weak Gibbs restoration from almost Gibbs one, due to the 
consequences it has on the thermodynamic properties of the corresponding measures, in the 
second part of the Dobrushin program. 

Other restoration notions (robust Gibbsianness [39], fractal quasilocality [HT]) exist and 
an intermediate between the almost Gibbs and weak Gibbs has been introduced recently and 
seem to be a very relevant starting definition of generalized Gibbs measure, called Intuitively 
weak Gibbsianness in |41j : 

Definition 5.22 (Intuitively weak Gibbs) A weakly Gibbsian measure fi G A4f{^) is 
said to be intuitively weak Gibbs if there exists a set $7i C 1^$ with = 1 and s.t. 

for all fj E 0, 

7f (o-A|a;A„\A??AO — ^ 7A(o"k) (5-23) 

for all 7/ G r^i. 

The notion is intermediate between weak and almost Gibbsianness, the difference between all 
these notions being that the convergence (j5.23p holds |41j : 

• For all uj and all r/ when fi is Gibbs (quasilocal) . 

• For /i-a.e uj and all r] when fj, is almost Gibbs. 

• For ^-a.e uj and //-a.e ij when fi is intuitively weak Gibbs. 

The thermodynamics properties of Gibbs measures have been partially restored for al- 
most Gibbsian measures, whereas weak Gibbsianness seems to be indeed too weak to be a 
satisfactory notion from this point of view. 

5.3.2 Dobrushin program of restoration, part II 

This second part aims at the restoration of the thermodynamic properties of Gibbs measures, 
mostly in terms of a variational principle that allows to identify them as the description of 
the states which minimize the free energy of the system, thus equilibrium states in virtue 
of the second law of thermodynamics. First, one would also like to recover well-defined 
thermodynamic functions at infinite- volume. In the weakly Gibbsian context, this can be 
done directly but their existence has to be restricted to typical boundary conditions, see 
[m [Ml [97] , whereas in the case of renormalized measures, the useful notion of asymptotically 
decoupled measures introduced by Pfister |101j insures their existence and the validity of a 
large deviation principle: 

Definition 5.24 A measure fi G is asymptotically decoupled if there exists func- 

tions g : N — > N and c : N — > [0, oo) s.t. 

q(n) , c(n) 

hm = and lim = 

n^oo ri ?i— >oo |A„| 

and for alln £N, Ae J^a„ , B G T\<^ , , 

n + 9(n) 
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This class strictly contains the set of all Gibbs measures and with our definition, this property 
is conserved under the local RG transformations introduced in these lectures. Thus thermo- 
dynamic functions exist for our RGT, but we emphasize the fact that the existence of relative 
entropy is still an open problem for the projection of the Ising model to a layer |45 t 1461 [96] . 

Thus, our renormalized measures satisfy the thermodynamical variational principle whereas 
the specification independent one has been fully restored for the decimated measure in j35] . 
using ideas taken from the concept of global specification [H], and as a corollary this has 
established the almost Gibbsianness of this measure. Keeping the same notation and writing 

and i'~ the decimation of the + and — phases of the 2d Ising model, one has: 

Theorem 5.25 Consider the decimation of the Ising model at (3 > (3c- Then 

1. For every fj, € M^^^^{^1.), /i(/x|z/+) exists and h{iJ^\iJ^) = 0. 

2. G ^inv(7^); where 7^ specifies v'^ , and they are almost Gibbs. 

3. Ifh{fi\u+) = and = 1 then fi G 

The proof relies on the general criterion given in Chapter 4, and a partial converse statement, 
to restore the second part of the variational principle, has been established in [77], using again 
the general criterion of Chapter 4. 

It is moreover established there that the joint measure of the RFIM, one of the physically 
relevant known examples of weakly Gibbsian measure that is not almost Gibbs, also provides 
an example of two (not almost Gibbs) measures described by a different system of conditional 
probabilities that are equilibrium states w.r.t each other. In this situation, we have two can- 
didates to represent equilibrium states, corresponding to different interactions, that saturate 
the variational principle of each other, which can be easily seen to be physically irrelevant. 
The fact that this happens for a weakly and non almost Gibbsian measure clearly indicates 
that one has to insist on continuity properties of the conditional probabilities in order to 
restore the Gibbs property in the framework of the Dobrushin program. Together with the 
Gibbs representation theorem, this also emphasizes the relevance of the description of Gibbs 
measures in the quasilocal framework, i.e. in terms of topological properties of conditional 
probabilities rather than in terms of potentials. These observations have motivated a new 
"DLR-like" approach to mean-field models, initiated recently in [58 \ 1741 [76]. 
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